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Abstract: Discrepancy in reported elastic properties for nanocomposites is argued to be 
most likely a result of either variations in the size of reinforcement or lack of control of 
the composite microstructure. In general, there will be a size variation in nanotubes in a 
given composite, contribution from each nanotube diameter and the volume percentage 
that tubes of a definite diameter occupy within the composite toward the overall elastic 
modulus is modeled. In this work, Digimat-FE is used to generate a realistic three 
dimensional microstructure for the current carbon nanotube/ epoxy composite. A system 
of aligned carbon nanotubes embedded in epoxy matrix is modeled. In the system of 
aligned multi walled carbon nanotubes, the entire volume of the model has been divided 
into finite individual sub-composites, each one containing a specific nanotube diameter 
with a local volume fraction. A second model showed a single representative volume 
element for the current nano-composite, in which the carbon nanotubes were simulated as 
a randomly (fully) dispersed, where all particles have been separated from each other. 
Moreover, a micromechanical approach for modeling short fiber composites was 
developed to account for the structure of the multi-walled carbon nanotube reinforcement 
and predict the elastic modulus of the nanocomposite as a function of the constituent 
properties, reinforcement geometry and nanotube structure. Finite element results show 
increase in elastic modulus with increasing aspect ratio for composites with high filler 
loading (3 vol%). Micromechanical predictions highlight the structure or size influence of 
the nanotube reinforcement on the properties of the nanocomposite. The nanocomposite 
elastic properties were found to particularly be sensitive to the nanotube diameter, since 
larger diameter nanotubes showed a lower effective modulus and occupied a greater 
volume fraction in the composite relative to smaller-diameter nanotubes. 

Keywords: Carbon nanotubes; Nanocomposites; Representative volume element; 
Mechanical properties; Nano-fibers. 

1. Introduction  

Dramatic improvements in mechanical properties can be achieved by incorporation of a 
few weight percentages of layered particles in polymer matrices[1]. Layered silicates have 
a thickness of 1 nm and lateral dimensions of 30 nm to several microns are commonly 
used as reinforcement in polymeric based composites. The large aspect ratios of layered 
silicates are thought to be mainly responsible for the enhanced mechanical properties of   
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particulate–polymer nanocomposites. On the contrary, the amazing large specific surface 
area of carbon nanotubes produces very big attractive forces (van der Waals forces) 
between the molecules, bringing a strong tendency to percolate. Their tangled yarn-like 
structure is an additional barrier to be overcome in order to achieve a uniform dispersion 
[2, 3]. 

The mechanical performance of particulate–polymer composites is far lower than the 
predicted values. In order to convey the excellent properties of filler into the composites 
and reach superior characteristics, filler need to be evenly dispersed in the matrix, which 
is one of the major preconditions for the utilization of reinforcements. Furthermore, 
mechanical properties of polymeric based composites depend strongly on the particle size, 
particle–matrix interface adhesion and particle loading. Particle size has an obvious effect 
on these mechanical properties. Sumita et al.[4] underlined the interest of replacing 
microscale silica by its nanoscale counterpart, since nanoscale silica particles possess 
superior mechanical properties. They found that these nanoparticles give higher rigidity 
and superior yield strength to the polymers. Similarly, alumina trihydrate filled epoxy 
containing smaller particles show higher fracture toughness [5]. Particle–matrix interface 
adhesion and particle loading are two important factors that also affect mechanical 
properties.  

Epoxy resins on the other hand, are normally used in the formation of carbon 
nanotubes/ polymeric based-composites that can work as multifunctional materials with 
high stiffness, light weight and high electrical conductivity as well as other desired 
economic properties for many industrial applications [6-13]. Epoxy resins start in a 
molten form to assist dispersion of carbon nanotubes. Subsequently, the solution is cured 
after a hardener is added to form a hard-state composite. Several means are followed to 
disperse particles in epoxy resins for making such composites like solution mixing and 
blending [14]. Such methods cannot produce major improvements in carbon nanotubes 
/epoxy composite due to lack of controlled orientation and ineffective dispersion of filler 
content in the epoxy resin matrix.  Aligned carbon array were successfully fabricated from 
which unbroken sheets can be directly drawn[15]. These unbroken and aligned carbon 
yarn can be piled together to form a carbon nanotube/polymer composites [16]. 

Moreover, there is a large discrepancy in the reported mechanical properties, but 
little insight is provided regarding the structure of nanocomposites. For instance, it was 
reported that enhancement in elastic stiffness was lower than expected when the nanotube 
is treated as a solid fiber [16-19]. Poor correlation between the actual properties and the 
predicted ones is often argued by mentioning that there is inadequate load transfer at the 
filler/matrix interface [20-25], overlooking tube structure at the nano-level. Thus, several 
attempts have worked on functionalizing the nanotube surface to provide better bonding 
between the nanotube and the polymer resin[26]. However, perfection in interfacial 
properties has a far greater effect on the composite’s tensile strength and fracture 
mechanism rather than the elastic stiffness at low strain loading. For example, particle–
matrix adhesion was found to be responsible for the tensile strength of glass bead filled 
polystyrene composites [27]. 
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Furthermore, it is clear that elastic properties of particulate-filled polymeric nano-
composites are affected by particle size and particle content. A finite element approach is 
adopted to investigate effect of several nano-structure parameters on properties of 
nanotube based composites. Information on the structure of the nanocomposite is required 
in order to simulate the elastic stiffness of a nano-tube based composite. Since there is a 
variation of nanotube diameters in a given specimen, contribution from each nanotube 
diameter and the volume fraction that tubes of a specific diameter occupy within the 
composite toward the overall elastic modulus is modeled. A composite model of aligned 
multiwalled carbon nanotubes throughout epoxy matrix is simulated via Digimat-FE 
program. Next, a composite model of randomly dispersed nanotubes has been built 
keeping size distribution of filler same in both cases. Impact of diameter distribution of 
carbon nanotubes on the elastic properties is highlighted in both cases. 

2. Modeling of Carbon Nanotube Based Composites: 

In modeling the aligned multi-walled carbon nanocomposites, the whole volume has been 
divided into a finite number of individual sub-composites (layer) or representative volume 
element, each layer has inclusions of identified nanotube diameter and specific aspect 
ratio to reflect size distribution of filler that is experimentally obtained from TEM 
measurements. The nanotubes are simulated as aligned, dispersed, embedded in epoxy 
matrix. Impact of diameter distribution on the elastic properties is predicted. Volume 
fraction, vnt ,  that tubes of a given diameter occupy within a composite can be calculated 
as follows: 
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Where )(d is the size distribution function of nanotubes, normally obtained from 

experimental testing. vf  is the volume fraction of tubes throughout the entire composite 
and the boundaries of integral are the range of diameters contained in the nth layer. vn is 
the fractional volume of the sub-composite (layer) which is 1/n, n is the number of 
suggested layers. Specifications of carbon nanotubes used in each individual composite 
model are shown in Table 1. 

Table 1: Specifications of the Five Layers-Composite Model, Case of 1 vol. % Loading 

Layer Average diameter of nanotube 
(nm) 

Local volume 
fraction, vnt 

Aspect ratio 

1 15 0.01 67 

2 25 0.018 40 

3 35 0.013 29 

4 45 0.005 22 

5 55 0.003 18 
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2.1 Digimat Finite Element Analysis  

Digimat-FE is software that applies a direct, realistic finite element (FE) illustration of a 
representative volume element for a composite microstructure. It stands on direct 
nonlinear finite element analysis (FEA) of a microstructure, presents precise predictions at 
the microscopic and macroscopic scales. Moreover, it suggests a large number of 
parameters and factors to design a microstructure of choice. One of the choices is to  
implement agglomerated inclusions (clustering). The client can state the desired quantity 
of clusters, and the level of clustering. Further, microstructure can have spherical 
reinforcements, made of various sizes (size ratio 1:30). Moreover, distribution of filler 
dimensions can be identified in the phase window in Digimat-FE: a filler size can be 
either fixed, or arbitrary between a minimum and maximum value, or determined by a 
user defined size function as it is the case in our study.  

A carbon nanotube is visualized as a graphene layer, where carbon atoms build a 
planar hexagonal structure, extruded into a seamless cylinder. Bonding between 
concentric layers is covalent, interactions between adjacent tubes (van der Waals forces) 
can be simulated by a coating surrounding each inclusion phase, with an elastic stiffness 
that emulates that interaction. This coating is then homogenized with the inclusion 
material, and the resultant effective particle is used for further homogenizing with voids to 
form an effective composite structure. The pretty poor interaction between the walls of the 
nanotubes results in nominal load transfer between those concentric layers of the 
nanotube. As a result of this weak bonding between the layers, the external layer of the 
multi-walled tube will take roughly the full load transferred at the nanotube/matrix 
interface. Thus, the outer wall of the nanotube is considered to behave as an effective 
solid fiber.  

A finite element approach via Digimat software is conducted to simulate the elastic 
properties of the nanotube-based composite, at which the structure of the carbon 
nanotubes is built at nanoscale. Since this type of modeling is applied over a low strain 
loading, it can be assumed that interfacial stresses do not result in debonding of the 
reinforcement/matrix interface; therefore a perfect bonding is considered. Figure 1 shows 
a typical representative volume element geometry in Digimat for epoxy matrix filled with 
uniformly dispersed 1 wt. % carbon nanotube. 
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Figure 1: Representative Volume Model for Randomly Dispersed Carbon Nanotube in Epoxy 

 

2.2 Micromechanics  

Elastic stiffness of a short fiber–polymeric composite is generally determined by the 
elastic properties of its constituent (particle and matrix), particle loading and aspect ratio. 
Both nanotube and the effective fiber will undergo iso-strain condition when subjected to 
an external load. As the external force is same for both, stiffness of the effective fiber 
which is a solid cylinder can be expressed as a function of that for the nanotube, as given: 

                                                             
NTeff E

d

t
E 4                                         (2) 

Where the symbols NT and eff, refer to the nanotube and effective fiber, respectively. 
t, is the nanotube wall thickness and (d), is the nanotube diameter. Halpin-Tsai theory is 
commonly used to evaluate modulus property for nano based composites [21], given as: 
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Where,Ec, Ef ,Em and υf , are composite stiffness, fiber stiffness, matrix stiffness and 
volume fraction of reinforcement, respectively. η, is given as: 
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ζ is the aspect ratio of the inclusion. Substitute equations (2), (4) in equation (3), get: 
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Equation (5) states the diameter-dependence of elastic properties for carbon nanotube 
based-composite. However, with a distribution of nanotube size throughout the composite, 
equation (5) cannot be used directly to predict the overall modulus. Therefore, the 
contribution from each nanotube diameter and the volume fraction that tubes of a specific 
diameter occupy within the composite toward the overall elastic modulus should be taken 
into account. Since the nanotubes are homogeneously dispersed and parallel throughout 
the matrix, the elastic modulus of the composite can be considered as a summation of 
parallel composites over the range of nanotube diameters. Each of the N sub-composites 
will have its own elastic modulus that depends on the local volume fraction of nanotubes 
with respect to a given diameter. The overall longitudinal stiffness of the composite can 
be expressed as sum of moduli weighed by the partial volume of each nth segment, as 
given below: 

                                             ntnntntc vEvEvEE .....2211                          (6) 

Where E1 or En  is the elastic modulus of the layer calculated from equation (5) at the 
respective diameter of nanotubes included in the nth layer. The local volume fraction, vnt, 
in each composite with specific nanotube diameter is calculated using Equation 1, as listed 
in Table 1.  

3. Results and Discussion 

Elastic properties of nanotube-reinforced composites depend strongly on particle size or 
aspect ratio, and particle loading. By knowing structures of both nanotube and 
nanocomposite, Digimat FEA can be used to build a model of nanotube-based composite 
and calculate the elastic modulus. A Digimat model for aligned filler composite is made 
of five individual composites; each one has its own volume fraction of nanotubes with 
respect to a given diameter in that layer.  Besides, influence of randomly dispersed 
nanotubes on the tensile modulus is investigated. A single geometrical model for the 
current nano-composite is generated, in which reinforcements are simulated as a randomly 
(fully) dispersed, means that all particles have been separated from each other, keeping 
the size distribution function and filler content similar to the aligned composite system. 
Distribution of nanotube-diameter used, is given as per [16]. 
 

                         
2 2( (( 31.8)/5.8) ) ( (( 18)/5.1) )( ) 0.0234 0.076d dd e e                      (7) 

In order to simulate diameter distribution of nanotubes, size distributions of 
nanotubes, φ, is interpreted in the form of Gaussian probability function. The correlated 
Gaussian function shows a mean of (27.5 nm3) and a variance (10.7) as seen in Figure 2. 
After generation the microstructure, the model for the aligned system is subjected to a 
quasi-static load in the fiber direction. The elastic stiffness results have been post-
processed from Digimat and presented for both cases: aligned and random distribution of 
filler. Alternatively, micromechanics theory for short fiber composites has been applied to 
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predict the elastic modulus of aligned composite system as a function of constituent 
properties and nanotube structure. 

 

Figure 2: Probability Distribution (Gaussian) Function of Carbon Nanotubes 

3.1 FEA Results 

Digimat-FE has been used to create a realistic three dimensional microstructure of the 
current composite, it was exported in step formats, or failure indicator, for a given phase 
in the composite. For modeling nanotube based composite, two cases have been 
considered. First, a system of aligned tube-composite contains five individual layers or 
sub-composites, each one has its own volume fraction and aspect ratio of nanotubes as per 
Table 1.  On the other hand, Figure 3 shows geometries for the aligned composite systems 
with two different aspect ratio of 3.% filler loading.  

Figure 4 shows influence of volume fraction and aspect ratio (particle size) on the 
elastic modulus for aligned particles-composite. It can be shown that in these composites, 
the tubes were unbroken and aligned along the loading direction. When the composites 
were loaded in the direction of the filler orientation, the overall elastic modulus was 
shown to be increased as a result of load transfer to the nanotube reinforcements rather 
than polymer chain. 
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(a)  (b)  

Figure 3: Digimat Finite Element Model of 3.% Aligned Carbon Naotubes/ Epoxy Nanocomposite, 
a) Low Aspect Ratio and, b) High Aspect Ratio 

Generally, as the filler content increases, the Young’s modulus increases for a given 
aspect ratio. For composites of low volume fractions of carbon nanotubes (1–2 vol.%), the 
modulus is almost insensitive to aspect ratio or particle size. However, composites with 
high nanotube content (3 vol%), a remarkable increase in modulus was observed with 
increasing aspect ratio up to aspect ratio of 55, (18 nm tubes-diameter and less), then 
followed by slight decrease in modulus with increasing tube-size. FE results imply that 
influence of reinforcement loading on elastic modulus is more pronounced than effect of 
aspect ratio, the later had shown little effect on composite stiffness.  

 

Figure 4: Influence of Nanotube Aspect Ratio, Volume Fraction on the Elastic Properties 
of Epoxy/ Aligned Composite System, Simulated via Finite Element Model 
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Figure 5 presents periodic nanostructures, also referred to as representative volume 
element, that have been generated using Digimat -FE for the randomly placed inclusions.  
Figure 5 demonstrates microstructures for two volume fractions of inclusion phase, 
namely 0.005 and 0.01 filler loading. The diameter of nanotubes was varied according to 
the size distribution function as per Figure 2. Although the large-diameter nanotubes were 
relatively a small percentage of the total number of nanotubes, they occupied a significant 
percentage of volume within the composite (Figure 5-b). Clustering phenomena has been 
observed at the local regions, where inclusions with large size (diameter) are concentrated 
around a single distinct clustering plane. Due to the proximity of the inclusions around the 
clustering centers, stress concentrations appear. One clearly observes the higher stress 
levels (3,500 MPa) in the inclusion phase for the higher filler content of 0.01 loading 
(Figure 7) as compared to 250 MPa, the maximum tensile stresses observed for the free-
clustered case of 0.005 vol. filler conditions. Such high stress concentrations that are not 
observed for randomly placed inclusions in the case of 0.005 vol.%, could lead to 
debonding during loading. At this low volume fraction of inclusions, clustering was not 
prominent and did not significantly alter the macroscopic mechanical properties of the 
material. Such a placement of nano-inclusions was thus preferably avoided by the material 
scientists when trying to increase the stiffness of a base material. 

 

(a) (b) 

Figure 5: Three Dimensional Model of Randomly Dispersed Tubes (3 nm*3 nm*3nm), Generated 
by Digimat Following Gaussian Distribution of Nanotubes Diameter,  a) 0.005 , and b) 0.01 

vol.fraction
 

Figure 6 and Figure 7 in addition, illustrate the stress distribution in both matrix and 
inclusion phases for the randomly placed inclusions, following Gaussian size function, in 
the case of 0.005 and 0.01 filler loading, respectively.  
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Figure 6: Stress Distribution for the Randomly Placed (free-clustered) Inclusions, case of 0.005 

Filler Content. 
 

 
 

 
 

Figure 7: Stress Distribution for the Randomly Placed (clustered) Inclusions, Case of 0.01 Filler 
Content. 
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3.2 Micromechanics Results  

As an input into the micromechanical-Tsai-Hill model, the modulus of the nanotube, 
ENT, was considered to be 1 TPa and the modulus of the matrix, epoxy was 3.5 GPa. 
Note that microstructure along with the diameter distribution of the nanotube was 
considered as the added value to the common Tsai-hill theory.  Figure 8 shows the 
influence of aspect ratio (nanotube diameter) and volume fraction on the composite elastic 
modulus for the aligned composite system, as predicted based on micromechanics. While 
there is a slight increase in elastic modulus with increasing volume fraction, keeping 
nanotube length constant, the size of the nanotubes (aspect ratio) plays the most 
significant role in the composite elastic modulus.  

Based on micromechanics theory, composite modulus was found to be sensitive to 
filler aspect ratio or nanotube diameter. However, when the tube size is decreased below a 
threshold value of 35 nm, there will be an obvious effect of particle size on the modulus 
predicted theoretically.  This dependence of the composite elastic modulus on nanotube 
aspect ratio highlights the need to accurately model the distribution of nanotube diameters 
in the composite.  

 

Figure 8: Influence of Nanotube Diameter, Volume Fraction on the Elastic Properties of an Aligned 
Nanocomposite System, Based on the Micromechanical Model 

4. Conclusions 

Digimat-FE has been used to generate a realistic three dimensional microstructure of 
carbon nanotubes/ epoxy composite. A system of aligned carbon nanotubes embedded in 
epoxy matrix was modeled in Digimat. In the system of aligned multiwalled carbon 
nanotubes, the entire volume of the model has been divided into finite individual 
composites, each layer containing a specific nanotube diameter with a local volume 
fraction. A second model showed a single layer for the current nano-composite, in which 
tubes were simulated as a randomly (fully) dispersed, where all particles have been 
separated from each other. The structure of the carbon nanotube was found to strongly 
influence the elastic properties of the nano-tube composite. Finite element results revealed 
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that modulus is almost insensitive to aspect ratio or particle size for the aligned system 
under low filler content (1–2 vol%). However, increase in elastic modulus was observed 
with increasing aspect ratio for those composites having high filler content (3 vol%).  
Micromechanical predictions highlight structure or size influence of the nanotube 
reinforcement on the properties of the nanocomposite. The nanocomposite elastic 
properties were found to particularly be sensitive to the nanotube diameter (aspect ratio), 
since larger diameter nanotubes showed a lower effective modulus and occupied a greater 
volume fraction in the composite relative to smaller-diameter nanotubes. 
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