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Abstract: We concern the minimization problem of the total construction cost subject to 

the condition that the all-terminal reliability is not less than a reliability threshold. 

Although algorithm for solving this problem has been developed based on the so-called 

branch and bound method, it is known that the implement of the existing algorithm 

requires a fair amount of time, especially in the case that the number of edges is quite 

greater than the number of nodes. To reduce the computational time, we apply factoring 

method to classify network systems into several types (groups), and specify the type 

which has greater all-terminal reliability than the other types. Furthermore, we derive the 

exact maximum all-terminal reliability of the network systems with 𝑛 + 4 edges. Our 

proposal directly leads to a significant improvement of the overall efficiency of the 

optimization algorithm. 

Keywords: Network system, optimization algorithm, maximum all-terminal reliability, 

factoring method, branch and bound 

Notation 

𝑎∗:  the bare minimum number of edges. 

𝑐𝑖,𝑗: the cost of edge (𝑖, 𝑗). Here, 𝑐𝑖,𝑗 = 𝑐𝑗,𝑖 (=finite) holds because each edge is 

assumed bidirectional. 

𝑑𝑖:  the degree of (number of edges incident on) node 𝑖. 

𝒅:  the degree sequence of all nodes, i.e., 𝒅 = {𝑑𝑖}. 

𝑒:  the number of edges in 𝐸. 

𝑒𝑖:  the number of edges in 𝐸𝑖. 

𝑓(𝒙):  the all-terminal reliability of the network implied by 𝒙 = {𝑥𝑖,𝑗}. 



340                 Xiao Xiao, Yi Chen, Natsumi Takahashi, and Hisashi Yamamoto                

𝑔𝑛,𝑒:  the network with 𝑛 nodes and 𝑒 edges. 

𝑔𝑛,𝑒
𝑥 :  the type-𝑥 network with 𝑛 nodes and 𝑒 edges. 

𝑔𝑛,𝑒
∗ :  the network with optimal construction, i.e., 𝑔𝑛,𝑒

∗ ∈ 𝑇𝑛,𝑒
∗ . 

𝑚𝑖:  𝑚𝑖 = min(𝑑𝑖 , 𝑖 − 1). 

𝑛:  the number of nodes in 𝑉. 

𝑛∗:  the maximum number of edges to ensure the connection of network system. 

𝑝𝑖,𝑗:  the reliability of edge (𝑖, 𝑗). 

𝑝:  the reliability of each edge, i.e., 𝑝 = 𝑝𝑖𝑗 . 

𝑞:  the failure rate of each edge, i.e., 𝑞 = 1 − 𝑝. 

𝑟(𝑒):  the solution of Problem 𝑅𝑅(𝑒), i.e., the maximum all-terminal reliability of 

network 𝑔𝑛,𝑒. 

�̅�(𝑒):  the upper bound of 𝑟(𝑒). 

𝑥𝑖,𝑗: the select status of edge (𝑖, 𝑗). 𝑥𝑖𝑗 = 1 if edge (𝑖, 𝑗) is selected, otherwise, 

𝑥𝑖𝑗 = 0. 

𝑧:  the solution of Problem MP. 

𝑧(𝑒):  the solution of Problem 𝑃𝑛(𝑒). 

𝐸:  the set of edges. 

𝐸𝑖:  the i-th set of edges. 

𝐹�𝑔𝑛,𝑒
𝑥 ; 𝑗�:the number of failure states when 𝑗 edges failed. 

𝐹𝑅(𝐸𝑖):  the probability that all the edges in 𝐸𝑖 are operational. 

𝐹𝐹(𝐸𝑖):  the probability that one of the edges is fail and the others are all operational. 

𝐺𝑛,𝑒:  the set of 𝑔𝑛,𝑒, i.e., 𝑔𝑛,𝑒 ∈ 𝐺𝑛,𝑒. 

𝑃0:  reliability threshold. 

𝑃𝑛(𝑒):  the sub-problem of Problem MP. 

𝑅𝑅(𝑒):  the sub-subproblem of Problem MP. 

𝑅(𝑔𝑛,𝑒):  the all-terminal reliability of network 𝑔𝑛,𝑒. 

𝑇𝑛,𝑒
𝑥 :  the set of 𝑔𝑛,𝑒

𝑥 , i.e., 𝑔𝑛,𝑒
𝑥 ∈ 𝑇𝑛,𝑒

𝑥 . 

𝑇𝑛,𝑒
∗ :  the type that has the greatest all-terminal reliability among 𝑇𝑛,𝑒

𝑥 . 

𝑉:  the set of nodes. 
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1.  Introduction 

A typical problem in optimal network system design is the optimization problem of 

minimizing the total construction cost, constrained by a reliability threshold. Here, the 

all-terminal reliability is defined as the probability that all nodes are connected by 

operational edges. We state the main problem mathematically. 

Problem MP 

𝑧 =  Minimize �𝑐𝑖𝑗 ∙ 𝑥𝑖𝑗
𝑖,𝑗

 

s.t. 𝑓(𝒙) ≥ 𝑃0 

We consider such network systems that no directed flow exists. In other words, the 

network system model is expressed by an undirected graph. 

Assumptions 

(i) All nodes are fully operational. 

(ii) Each edge fails independently. 

(iii) Each edge is in operational state or failed state. 

(iv) Each edge is bidirectional. 

(v) Each 𝑐𝑖𝑗  and 𝑝𝑖 ,𝑗 are fixed and known. 

(vi) There is no redundant edge in the network. 

Venetsanopoulos and Singh [1] found an approximate solution of Problem MP 

because as the number of edges increases, the number of possible constructions grows 

exponentially. Jan et al. [2] succeeded in obtaining the exact solution of Problem MP, by 

decomposing it into sub-problems. 

Problem 𝑷𝒏(𝒆) 

𝑧(𝑒) =  Minimize �𝑐𝑖𝑗 ∙ 𝑥𝑖𝑗
𝑖,𝑗

 

s.t.  𝑓(𝒙) ≥ 𝑃0 

∑ 𝑥𝑖𝑗𝑖,𝑗 = 𝑒  

Since that, at least 𝑛 − 1 edges are necessary to ensure the connection of the network, 

additionally it is assumed that there is no redundant edge in the network, it is known 

that 𝑛∗ = 𝑛(𝑛 − 1)/2. That is to say, Problem 𝑃𝑛(𝑒) has to be solved for 𝑛∗ − 𝑛 + 2 

times to obtain the solution of Problem MP. In order to decrease the number of times of 
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solving Problem 𝑃𝑛(𝑒), Jan et al. [2] considered the following sub-subproblems to 

determine 𝑎∗ (𝑛 − 1 ≤ 𝑎∗ ≤ 𝑛∗). 

Problem 𝑹𝑹(𝒆) 

𝑟(𝑒) =  Maximize 𝑓(𝒙) 

s.t.  ∑ 𝑥𝑖𝑗𝑖,𝑗 = 𝑒 

This is to compute the maximum all-terminal reliability of the networks with fixed 

number of edges 𝑒. Let 𝑎∗ be min {𝑒|𝑟(𝑒) ≥ 𝑃0}, then we need not solve Problem 

𝑃𝑛(𝑒) for 𝑒 = 𝑛 − 1,𝑛,⋯ , 𝑎∗ − 1, i.e., the number of times of solving Problem 𝑃𝑛(𝑒) 

is successfully decreased from 𝑒 = 𝑛 − 1,𝑛,𝑛 + 1,⋯ ,𝑛∗ to 𝑒 = 𝑎∗, 𝑎∗ + 1,⋯ ,𝑛∗. 

Jan [3] derived the exact value of 𝑟(𝑒) for the cases of 𝑒 = 𝑛 − 1,𝑛,𝑛 + 1: 

𝑟(𝑛 − 1) = 𝑝𝑛−1,     (1) 

𝑟(𝑛) = 𝑝𝑛 + 𝑛𝑝𝑛−1𝑞,    (2) 

𝑟(𝑛 + 1) = 𝑝𝑛+1 + (𝑛 + 1)𝑝𝑛𝑞 + 1/3(𝑛 + 1)2𝑝𝑛−1𝑞2. (3) 

On the other hand, since the calculation of 𝑟(𝑒) for the cases of 𝑒 ≥ 𝑛 + 2 becomes 

more and more difficult, especially in the situation where the number of edges is quite 

greater than the number of nodes, only the upper bound of 𝑟(𝑒) was derived: 

�̅�(𝑒) = ∑ 𝑞𝑑𝑖𝑛
𝑖=1 ∏ (1 − 𝑞𝑑𝑘−1)𝑚𝑖

𝑘=1 ∏ (1 − 𝑞𝑑𝑘)𝑖−1
𝑘=𝑚𝑖+1 .   (4) 

In the determination of 𝑎∗, ineffective calculation arises if �̅�(𝑒) is used to be compared 

with 𝑃0. For example, consider Problem 𝑃𝑛(𝑒) with 𝑛 = 6 and 𝑃0 = 0.95. We firstly 

solve Problem 𝑅𝑅(𝑒) and determine 𝑎∗. Suppose that we obtain from Eq. (4) that 

�̅�(8) = 0.92 and �̅�(9) = 0.96. Then, 𝑎∗ = 9, and the calculation of Problem 𝑃𝑛(𝑒) is 

started from 𝑒 = 9. However, the exact value of 𝑟(9) may be 0.94. In this case, the 

calculation of Problem 𝑃6(9) is meaningless because there is no feasible solution. 

In order to pass over such ineffective calculation, the exact value of 𝑟(𝑒) for the 

cases of 𝑒 ≥ 𝑛 + 2 is necessary. Generally, the exact value of 𝑟(𝑒) can be calculated 

by enumerating all the failure states of the networks. However, it takes much time to list 

up the failure patterns of all the networks. Therefore, we try to find out a group of 

networks that possesses the greatest all-terminal reliability among the networks with the 

same number of edges. Then the exact value of 𝑟(𝑒) can be obtained by considering the 

failure patterns of only the specified group of networks. 

In this paper, we classify the networks into several types (groups), and analytically 
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compare the all-terminal reliability of each type. Furthermore, we derive both the 

optimal construction and the exact value of 𝑟(𝑒) for the networks with 𝑒 = 𝑛 + 4 

edges. Here, the optimal construction means the construction that maximizes the 

all-terminal reliability, given a fixed number of edges. 

2.  Related Works 

For the cases of 𝑒 = 𝑛 + 2 and 𝑒 = 𝑛 + 3, Yokota et al. [4] classified 𝐺𝑛,𝑒 into four 

and nine types, respectively. More specifically, 𝐺𝑛,𝑛+2  is classified into 

𝑇𝑛,𝑛+2
1 ,𝑇𝑛,𝑛+2

2 ,⋯, 𝑇𝑛,𝑛+2
4 , while 𝐺𝑛,𝑛+3 is classified into 𝑇𝑛,𝑛+3

1 ,𝑇𝑛,𝑛+3
2 ,⋯ ,𝑇𝑛,𝑛+3

9 . It is 

known that 𝐺𝑛,𝑒 = ⋃ 𝑇𝑛,𝑒
𝑥

𝑥 . Yokota et al. [4] derived the following magnitude relations. 

For 𝑮𝒏,𝒏+𝟐: 

 𝑅(𝑔𝑛,𝑛+2
1 ) ≤ 𝑅(𝑔𝑛,𝑛+2

2 ) ≤ 𝑅(𝑔𝑛,𝑛+2
3 ) ≤ 𝑅(𝑔𝑛,𝑛+2

4 ).  (5) 

For 𝑮𝒏,𝒏+𝟑: 

𝑅(𝑔𝑛,𝑛+3
𝑖 ) ≤ 𝑅(𝑔𝑛,𝑛+3

9 ),  for 𝑖 = 1, 2,⋯ , 8.   (6) 

In other words, they found that 𝑇𝑛,𝑛+2
∗ = 𝑇𝑛,𝑛+2

4  and 𝑇𝑛,𝑛+3
∗ = 𝑇𝑛,𝑛+3

9 . Since 𝐺𝑛,𝑛+2 

and 𝐺𝑛,𝑛+3 are rather simple, the magnitude relations in Eq. (5) and Eq. (6) are obtained 

by enumerating all the networks in each 𝑇𝑛,𝑒
𝑥 , and comparing 𝑅(𝑔𝑛,𝑛+2

𝑥 ) and 𝑅(𝑔𝑛,𝑛+3
𝑥 ) 

completely. Kishihata et al. [5] proposed an efficient algorithm based on the results of 

Yokota et al. [4], and executed numerical experiments to investigate the effectiveness of 

the algorithm. They concluded that their algorithm took less computational time than 

that of Jan et al. [2]. 

However, the method of Yokota et al. [4] is only applicable to the case that the number 

of edges is relative small, because the complete enumeration becomes rather difficult as 

the number of edges increases. Chen et al. [6] employed the factoring method [7] to find 

out 𝑇𝑛,𝑒
∗ . They derived the following magnitude relations for the case of 𝑒 = 𝑛 + 3, and 

gave the proof in details. 

𝑅(𝑔𝑛,𝑛+3
1 ) ≤ 𝑅(𝑔𝑛,𝑛+3

2 ) ≤ 𝑅(𝑔𝑛,𝑛+3
3 ) ≤ 𝑅(𝑔𝑛,𝑛+3

6 ),  (7) 

𝑅(𝑔𝑛,𝑛+3
4 ) ≤ 𝑅(𝑔𝑛,𝑛+3

6 ) ≤ 𝑅(𝑔𝑛,𝑛+3
7 ),    (8) 

𝑅(𝑔𝑛,𝑛+3
5 ) ≤ 𝑅(𝑔𝑛,𝑛+3

7 ) ≤ 𝑅(𝑔𝑛,𝑛+3
8 ) ≤ 𝑅(𝑔𝑛,𝑛+3

9 ).  (9) 

This method is applicable even when the number of edges is relatively large. 

3.  Derivation of Magnitude Relation 

Similarly to Chen et al. [6], we treat the case of 𝑒 = 𝑛 + 4. In this section, we give a 
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brief explanation of factoring method [7], and derive the magnitude relation for 𝐺𝑛,𝑛+4. 

3.1  Factoring Method 

The basic idea of factoring method [7] is to disassemble an upper-layer network to a 

lower-layer network, of which the number of edges is less than the upper-layer network, 

and the all-terminal reliability is already known. For example, consider the network 

𝑔𝑛,𝑛+4 with 𝑛 nodes and 𝑛 + 4 edges in Fig. 1. Hereafter, we assume that the number 

of edges in 𝐸𝑖 is fixed. By conditioning on the state of the edges in 𝐸12, Fig. 1 (a) can 

be expressed by Fig. 1 (b) and Fig. 1 (c). As a result, 𝑅(𝑔𝑛,𝑛+4) can be calculated by 

𝑅(𝑔𝑛,𝑛+4) = 𝑅(𝑔′𝑛,𝑛+3)𝐹𝑅(𝐸12) + 𝑅(𝑔′′𝑛,𝑛+3)𝐹𝐹(𝐸12). (10) 

In this way, the upper-layer network 𝑔𝑛,𝑛+4 is expressed by two lower-layer networks 

(𝑔′𝑛,𝑛+3,𝑔′′𝑛,𝑛+3), and 𝑅(𝑔𝑛,𝑛+4) can be calculated easily because 𝑅(𝑔′𝑛,𝑛+3) and 

𝑅(𝑔′′𝑛,𝑛+3) are already known. Therefore, even when the number of edges is much 

greater than the number of nodes, the all-terminal reliability can be obtained easily. 

 

 
Figure 1: Schema of Factoring 

3.2  Magnitude Relation 

It is known that 𝐺𝑛,𝑛+4  can be classified into twelve types [4], 𝑇𝑛,𝑛+4
1 ,𝑇𝑛,𝑛+4

2 , 

⋯ ,𝑇𝑛,𝑛+4
12 , which are shown in Fig. 2. We show that 𝑅(𝑔𝑛,𝑛+4

𝑥 ) can be expressed by 

𝑅(𝑔𝑛,𝑛+3
𝑥 ), and find the following theorem. 

Theorem 

The magnitude relation of 𝑇𝑛,𝑛+4
1 ~ 𝑇𝑛,𝑛+4

12  of 𝐺𝑛,𝑛+4 is as follows. 
𝑅(𝑔𝑛,𝑛+4

𝑖 ) ≤ 𝑅(𝑔𝑛,𝑛+4
𝑗 )  for 𝑖 = 1,2,⋯ 10, 𝑗 = 11,12.  (11) 

(a) 𝑔𝑛,𝑛+4 

     

𝐸1 𝐸3 𝐸6 𝐸9 
𝐸2 𝐸5 𝐸8 𝐸11 

𝐸12 

𝐸4 𝐸7 𝐸10 

(b) 𝑔′𝑛,𝑛+3 

    

𝐸1 𝐸3 𝐸6 𝐸9 
𝐸2 𝐸5 𝐸8 𝐸11 

𝐸4 𝐸7 𝐸10 

(c) 𝑔′′𝑛,𝑛+3 

    

𝐸1 𝐸3 𝐸6 𝐸9 
𝐸2 𝐸5 𝐸8 𝐸11 

𝐸4 𝐸7 𝐸10 

𝐹𝑅(𝐸12) 

𝐹𝐹(𝐸12) 
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Figure 2: Twelve Types of 𝐺𝑛,𝑛+4. 

Proof: 

First, we compare the magnitude relation between 𝑇𝑛,𝑛+4
1  and 𝑇𝑛,𝑛+4

2 . Focusing 

on 𝐸12 of Fig. 2 (a) and Fig. 2 (b), we have 
𝑅�𝑔𝑛,𝑛+4

1 � = 𝐹𝑅(𝐸12) × 𝑅�𝑔𝑛,𝑛+3
1 � + 𝐹𝐹(𝐸12) × 𝑅�𝑔𝑛,𝑛+3

1 �,  (12) 
𝑅�𝑔𝑛,𝑛+4

2 � = 𝐹𝑅(𝐸12) × 𝑅�𝑔𝑛,𝑛+3
2 � + 𝐹𝐹(𝐸12) × 𝑅�𝑔𝑛,𝑛+3

2 �.  (13) 
Because of 𝑅(𝑔𝑛,𝑛+3

1 ) ≤ 𝑅(𝑔𝑛,𝑛+3
2 ) from Eq. (7), it is easily to find that 

𝑅(𝑔𝑛,𝑛+4
1 ) ≤ 𝑅(𝑔𝑛,𝑛+4

2 ).    (14) 
In a similar fashion, we continuously do ten comparisons as listed in Table 1, where 

the expanding formulas and the resulted relations are given. The magnitude relation in 

Eq. (11) is obtained from the resulted relations. For better understanding, we show the 

above magnitude relations in Fig. 3, where the end of the arrow implies a greater 

reliability. Therefore, 𝑇𝑛,𝑛+4
∗ = 𝑇𝑛,𝑛+4

11 = 𝑇𝑛,𝑛+4
12 , and 𝑔𝑛,𝑛+4

∗ ∈ 𝑇𝑛,𝑛+4
𝑗  (𝑗 = 11,12). 

 

 

 

     
(a) 𝑇𝑛,𝑛+4

1  

𝐸1 𝐸3 𝐸6 𝐸9 

𝐸2 𝐸5 𝐸8 

𝐸12 

𝐸11 
𝐸4 𝐸10 𝐸7 

(b) 𝑇𝑛,𝑛+4
2  

    
𝐸1 

𝐸3 𝐸6 𝐸9 

𝐸11 
𝐸2 

𝐸12 

𝐸5 𝐸8 𝐸4 𝐸10 𝐸7 
(c) 𝑇𝑛,𝑛+4

3  

   𝐸1 
𝐸3 𝐸6 𝐸9 

𝐸11 
𝐸2 

𝐸12 

𝐸5 
𝐸8 

𝐸4 𝐸10 𝐸7 

(d) 𝑇𝑛,𝑛+4
4  

   
𝐸1 

𝐸3 𝐸6 𝐸9 
𝐸11 𝐸2 𝐸12 𝐸5 

𝐸8 

𝐸4 𝐸10 𝐸7 
𝐸1 

𝐸3 

𝐸6 
𝐸9 𝐸2 

𝐸12 
𝐸5 

𝐸8 𝐸4 
𝐸10 

𝐸7 
𝐸11 

(e) 𝑇𝑛,𝑛+4
5  

 

(f) 𝑇𝑛,𝑛+4
6  

  𝐸1 

𝐸3 𝐸6 𝐸9 

𝐸2 𝐸12 𝐸5 𝐸8 

𝐸4 𝐸10 𝐸7 

𝐸11 

(g) 𝑇𝑛,𝑛+4
7  

 
𝐸1 

𝐸3 

𝐸6 𝐸9 𝐸2 

𝐸12 𝐸5 𝐸8 𝐸4 

𝐸10 𝐸7 

𝐸11 

(h) 𝑇𝑛,𝑛+4
8  

 𝐸1 𝐸3 
𝐸6 

𝐸9 𝐸2 𝐸12 

𝐸5 

𝐸8 𝐸4 𝐸10 

𝐸11 𝐸7 

(i) 𝑇𝑛,𝑛+4
9  

 𝐸1 𝐸3 
𝐸6 
𝐸9 

𝐸2 𝐸12 

𝐸5 

𝐸8 𝐸4 𝐸10 

𝐸11 𝐸7 

𝐸2 
𝐸1 𝐸3 𝐸6 𝐸9 𝐸12 

𝐸5 

𝐸8 

𝐸4 
𝐸10 
𝐸11 𝐸7 

(j) 𝑇𝑛,𝑛+4
10  (k) 𝑇𝑛,𝑛+4

11  

𝐸8 

𝐸9 

𝐸2 𝐸5 𝐸4 

𝐸6 𝐸12 
𝐸1 𝐸10 

𝐸7 𝐸3 
𝐸11 

(l) 𝑇𝑛,𝑛+4
12  

𝐸8 

𝐸9 

𝐸2 𝐸5 𝐸4 

𝐸6 𝐸12 

𝐸1 𝐸10 

𝐸7 𝐸3 
𝐸11 
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Table 1: Magnitude Relations. 
Comparison & 

Resulted relation 
Expanding formula 

𝑻𝒏,𝒏+𝟒
𝟐  v.s. 𝑻𝒏,𝒏+𝟒

𝟑  
𝑅(𝑔𝑛,𝑛+4

2 ) ≤ 𝑅(𝑔𝑛,𝑛+4
3 ) 

𝑅�𝑔𝑛,𝑛+4
2 � = 𝐹𝑅(𝐸12) × 𝑅�𝑔𝑛,𝑛+3

2 �+ 𝐹𝐹(𝐸12) × 𝑅�𝑔𝑛,𝑛+3
2 � 

𝑅�𝑔𝑛,𝑛+4
3 � = 𝐹𝑅(𝐸12) × 𝑅�𝑔𝑛,𝑛+3

3 �+ 𝐹𝐹(𝐸12) × 𝑅�𝑔𝑛,𝑛+3
3 � 

𝑻𝒏,𝒏+𝟒
𝟑  v.s. 𝑻𝒏,𝒏+𝟒

𝟒  
𝑅(𝑔𝑛,𝑛+4

3 ) ≤ 𝑅(𝑔𝑛,𝑛+4
4 ) 

𝑅�𝑔𝑛,𝑛+4
3 � = 𝐹𝑅(𝐸2) × 𝑅�𝑔𝑛,𝑛+4

2 �+ 𝐹𝐹(𝐸2) × 𝑅�𝑔𝑛,𝑛+3
2 � 

𝑅�𝑔𝑛,𝑛+4
4 � = 𝐹𝑅(𝐸2) × 𝑅�𝑔𝑛,𝑛+4

3 �+ 𝐹𝐹(𝐸2) × 𝑅�𝑔𝑛,𝑛+3
3 � 

𝑻𝒏,𝒏+𝟒
𝟒  v.s. 𝑻𝒏,𝒏+𝟒

𝟔  
𝑅(𝑔𝑛,𝑛+4

4 ) ≤ 𝑅(𝑔𝑛,𝑛+4
6 ) 

𝑅�𝑔𝑛,𝑛+4
4 � = 𝐹𝑅(𝐸2) × 𝑅�𝑔𝑛,𝑛+4

3 �+ 𝐹𝐹(𝐸2) × 𝑅�𝑔𝑛,𝑛+3
3 � 

𝑅�𝑔𝑛,𝑛+4
6 � = 𝐹𝑅(𝐸8) × 𝑅�𝑔𝑛,𝑛+4

4 �+ 𝐹𝐹(𝐸8) × 𝑅�𝑔𝑛,𝑛+3
6 � 

𝑻𝒏,𝒏+𝟒
𝟓  v.s. 𝑻𝒏,𝒏+𝟒

𝟕  
𝑅(𝑔𝑛,𝑛+4

5 ) ≤ 𝑅(𝑔𝑛,𝑛+4
7 ) 

𝑅�𝑔𝑛,𝑛+4
5 � = 𝐹𝑅(𝐸5) × �𝐹𝑅(𝐸4) × 𝑅�𝑔𝑛,𝑛+4

4 � 
+𝐹𝐹(𝐸4) × 𝑅�𝑔𝑛,𝑛+3

2 ��+ 𝐹𝐹(𝐸5) × 𝑅�𝑔𝑛,𝑛+3
3 � 

𝑅�𝑔𝑛,𝑛+4
7 � = 𝐹𝑅(𝐸5) × �𝐹𝑅(𝐸4) × 𝑅�𝑔𝑛,𝑛+4

6 � 
+𝐹𝐹(𝐸4) × 𝑅�𝑔𝑛,𝑛+3

6 ��+ 𝐹𝐹(𝐸5) × 𝑅�𝑔𝑛,𝑛+3
6 � 

𝑻𝒏,𝒏+𝟒
𝟔  v.s. 𝑻𝒏,𝒏+𝟒

𝟕  
𝑅(𝑔𝑛,𝑛+4

6 ) ≤ 𝑅(𝑔𝑛,𝑛+4
7 ) 

𝑅�𝑔𝑛,𝑛+4
6 � = 𝐹𝑅(𝐸5) × 𝑅�𝑔𝑛,𝑛+4

4 �+ 𝐹𝐹(𝐸5) × 𝑅�𝑔𝑛,𝑛+3
6 � 

𝑅�𝑔𝑛,𝑛+4
7 � = 𝐹𝑅(𝐸5) × 𝑅�𝑔𝑛,𝑛+4

6 �+ 𝐹𝐹(𝐸5) × 𝑅�𝑔𝑛,𝑛+3
6 � 

𝑻𝒏,𝒏+𝟒
𝟕  v.s. 𝑻𝒏,𝒏+𝟒

𝟖  
𝑅(𝑔𝑛,𝑛+4

7 ) ≤ 𝑅(𝑔𝑛,𝑛+4
8 ) 

𝑅�𝑔𝑛,𝑛+4
7 � = 𝐹𝑅(𝐸4) × �𝐹𝑅(𝐸1) × �𝐹𝑅(𝐸2) × 𝑅�𝑔𝑛,𝑛+3

6 � 
+ 𝐹𝐹(𝐸2) × 𝑅�𝑔𝑛,𝑛+3

6 ��+ 𝐹𝐹(𝐸1) × 𝑅�𝑔𝑛,𝑛+3
6 �� + 𝐹𝐹(𝐸4) × 𝑅�𝑔𝑛,𝑛+3

6 � 
𝑅�𝑔𝑛,𝑛+4

8 � = 𝐹𝑅(𝐸10) × �𝐹𝑅(𝐸8) × �𝐹𝑅(𝐸6) × 𝑅�𝑔𝑛,𝑛+3
8 � 

+ 𝐹𝐹(𝐸6) × 𝑅�𝑔𝑛,𝑛+3
8 ��+ 𝐹𝐹(𝐸8) × 𝑅�𝑔𝑛,𝑛+3

8 ��+ 𝐹𝐹(𝐸10) × 𝑅�𝑔𝑛,𝑛+3
8 � 

𝑻𝒏,𝒏+𝟒
𝟖  v.s. 𝑻𝒏,𝒏+𝟒

𝟗  
𝑅(𝑔𝑛,𝑛+4

8 ) ≤ 𝑅(𝑔𝑛,𝑛+4
9 ) 

𝑅�𝑔𝑛,𝑛+4
8 � = 𝐹𝑅(𝐸10) × �𝐹𝑅(𝐸8) × �𝐹𝑅(𝐸6) × 𝑅�𝑔𝑛,𝑛+3

8 � 
+ 𝐹𝐹(𝐸6) × 𝑅�𝑔𝑛,𝑛+3

8 ��+ 𝐹𝐹(𝐸8) × 𝑅�𝑔𝑛,𝑛+3
8 ��+ 𝐹𝐹(𝐸10) × 𝑅�𝑔𝑛,𝑛+3

8 � 
𝑅�𝑔𝑛,𝑛+4

9 � = 𝐹𝑅(𝐸10) × �𝐹𝑅(𝐸8) × �𝐹𝑅(𝐸6) × 𝑅�𝑔𝑛,𝑛+3
9 � 

+ 𝐹𝐹(𝐸6) × 𝑅�𝑔𝑛,𝑛+3
9 ��+ 𝐹𝐹(𝐸8) × 𝑅�𝑔𝑛,𝑛+3

9 ��+ 𝐹𝐹(𝐸10) × 𝑅�𝑔𝑛,𝑛+3
9 � 

𝑻𝒏,𝒏+𝟒
𝟗  v.s. 𝑻𝒏,𝒏+𝟒

𝟏𝟏  
𝑅(𝑔𝑛,𝑛+4

9 ) ≤ 𝑅(𝑔𝑛,𝑛+4
11 ) 

𝑅�𝑔𝑛,𝑛+4
9 � = 𝐹𝑅(𝐸10) × �𝐹𝑅(𝐸1) × 𝑅�𝑔𝑛,𝑛+4

9 𝐸10 × 𝐸1⁄ �+  𝐹𝐹(𝐸1) 
× �𝐹𝑅(𝐸12) × �𝐹𝑅(𝐸8) × 𝑅�𝑔𝑛,𝑛+3

4 �+ 𝐹𝐹(𝐸8) × 𝑅�𝑔𝑛,𝑛+2
3 �� 

+𝐹𝐹(𝐸12) × 𝑅�𝑔𝑛,𝑛+2
3 ���+  𝐹𝐹(𝐸10) × 𝑅�𝑔𝑛,𝑛+3

9 � 
𝑅�𝑔𝑛,𝑛+4

11 � = 𝐹𝑅(𝐸10) × �𝐹𝑅(𝐸4) × 𝑅�𝑔𝑛,𝑛+4
9 𝐸10 × 𝐸4⁄ �+  𝐹𝐹(𝐸4) 

× �𝐹𝑅(𝐸6) × �𝐹𝑅(𝐸12) × 𝑅�𝑔𝑛,𝑛+3
4 �+ 𝐹𝐹(𝐸12) × 𝑅�𝑔𝑛,𝑛+3

3 �� 
+𝐹𝐹(𝐸6) × 𝑅�𝑔𝑛,𝑛+2

3 ���+  𝐹𝐹(𝐸10) × 𝑅�𝑔𝑛,𝑛+3
9 � 

𝑻𝒏,𝒏+𝟒
𝟏𝟏  v.s. 𝑻𝒏,𝒏+𝟒

𝟏𝟏  
𝑅(𝑔𝑛,𝑛+4

10 ) ≤ 𝑅(𝑔𝑛,𝑛+4
11 ) 

𝑅�𝑔𝑛,𝑛+4
10 � = 𝐹𝑅(𝐸8) × 𝑅�𝑔𝑛,𝑛+4

10 𝐸8) + 𝐹𝐹(𝐸8⁄ �𝑅(𝑔𝑛,𝑛+3
8 ) 

𝑅�𝑔𝑛,𝑛+4
11 � = 𝐹𝑅(𝐸10) × 𝑅�𝑔𝑛,𝑛+4

11 𝐸10) + 𝐹𝐹(𝐸10⁄ �𝑅�𝑔𝑛,𝑛+3
9 � 

𝑻𝒏,𝒏+𝟒
𝟏𝟏  v.s. 𝑻𝒏,𝒏+𝟒

𝟏𝟐  
𝑅�𝑔𝑛,𝑛+4

11 � = 𝑅(𝑔𝑛,𝑛+4
12 ) 

𝑅�𝑔𝑛,𝑛+4
11 � = 𝐹𝑅(𝐸1) × 𝑅�𝑔𝑛,𝑛+4

11 𝐸1) + 𝐹𝐹(𝐸1⁄ �𝑅(𝑔𝑛,𝑛+3
9 ) 

𝑅�𝑔𝑛,𝑛+4
12 � = 𝐹𝑅(𝐸1) × 𝑅�𝑔𝑛,𝑛+4

12 𝐸1) + 𝐹𝐹(𝐸1⁄ �𝑅(𝑔𝑛,𝑛+3
9 ) 

3.3  Maximum All-terminal Reliability 

It is obvious that the exact maximum all-terminal reliability can be defined as 

𝑟(𝑛 + 4) = ∑ ��𝑒𝑖� − min {𝐹�𝑔𝑛,𝑛+4
12 ; 𝑗�}�𝑝𝑒−𝑗𝑞𝑗𝑒

𝑗=0   (15) 

We found that the combination of 𝑒1 = 𝑒2 = ⋯ = 𝑒12 minimized 𝐹�𝑔𝑛,𝑛+4
12 ; 𝑗�. The 

details of derivation are omitted due to page limitations. Therefore, we have 

𝑟(𝑛 + 4) = 𝑝𝑒 + 𝑒𝑝𝑒−1𝑞 + 11
24
𝑒2𝑝𝑒−2𝑞2 + 53

432
𝑒3𝑝𝑒−3𝑞3    

+ 409
20736

𝑒4𝑝𝑒−4𝑞4 + 49
31104

𝑒5𝑝𝑒−5𝑞5.  (16) 
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Figure 3: Magnitude Relation of 𝐺𝑛,𝑛+4. 

4.  Concluding Remarks 

In this paper, we concerned the total cost minimizing problem subject to a reliability 

threshold. More specifically, we considered the problem of identifying the network 

which has the greatest all-terminal reliability among the networks with the same number 

of edges. We proved the magnitude relation of different types of networks with 

𝑒 = 𝑛 + 4 edges, and found that type 𝑇𝑛,𝑛+4
11  and type 𝑇𝑛,𝑛+4

12  possessed the same 

all-terminal reliability in 𝐺𝑛,𝑛+4. Furthermore, we derived the exact value of 𝑟(𝑒) for 

the case of 𝑒 = 𝑛 + 4. Although we focused on finding the magnitude relation of 

different types of 𝐺𝑛,𝑛+4, it should be noted that our method is not restricted to the case 

of 𝑒 = 𝑛 + 4, but is also applicable when the number of edges is relatively large. 

In the future, we will propose an efficient algorithm for the optimization problem, 

based on the results obtained here. Our algorithm can speed-up the procedure for 

searching the optimal solution of Problem MP. Furthermore, we will construct numerical 

experiments to investigate the efficiency of our algorithm. 

Acknowledgment: This work was supported by JSPS KAKENHI Grant Number 26730039. 
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