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Abstract: This paper surveys several replacement policies for parallel systems, where 
three newly proposed notions in our research are considered: (i) Random number of units, 
(ii) excess and shortage costs, and (iii) approach of “whichever occurs last”. First, we take 
up replacement policies for a parallel system when its number of units could be constantly 
predetermined and randomly estimated. Next, we introduce excess and shortage costs used 
in scheduling problems into models and derive optimal replacement times, where the case 
of random number of units is also considered. Third, when a parallel system is operating 
for successive jobs with a random working time, we plan two kinds of policies of 
replacement first and replacement last that are formulated by using two respective 
approaches of “whichever occurs first” and “whichever occurs last”. All discussions are 
given analytically and optimal replacement polices are computed numerically. 

Keywords: Parallel system, replacement, random number, excess cost, whichever occurs 
last. 

 

1.   Introduction 

System with high reliability can be designed through redundancy and maintenance. The 
most typical model is a parallel system consisting of n identical units, which can be found 
in practical fields such as data transmission, redundant networks, redundant copies, and 
etc. [1]. The redundant system was originally shown to have the capacity to operate for a 
specified mean time by either changing the replacement time or increasing the number of 
units [2]. The reliabilities of many redundant systems have been computed and 
summarized [3]. A variety of redundant systems with multiple failure modes and their 
optimization problems have been discussed [4]. The reliabilities of parallel and parallel-
series systems with dependent failures have been derived [5], and some optimization 
methods for redundancy allocation for series-parallel systems have been studied [6]. This 
paper summarizes several replacement models for parallel systems, where three newly 
proposed notions in our research are considered: Random number of units, excess and 
shortage costs, and approach of “whichever occurs last”. 

Usually, we model replacement policies for a parallel system by supposing that we have 
known the system structure exactly; however, it may be careless when the system 
becomes larger and more complex. For example, maintaining an aircraft fuselage with 
MSD (Multiple Site Damage) and large number of rivets [7]. When the number of units 
for a parallel system becomes a random variable, its MTTF and replacement policies were 
obtained [8, 9]. In this paper, we firstly summarize the above obtained replacement 
policies for a parallel system with constant and random number of units in Section 2. 

It is also a common notion that cost for preventive replacement should be less than that 
for corrective replacement, because system downtime costs much [10, 11]. However, 
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replacing a system too far in advance of failure involves a waste of replacement because 
the system might continue functioning until it completes several jobs. In section 3, 
downtime cost is named as shortage cost; meanwhile, a new excess cost [1] for 
replacement waste is also considered. On the other hand, when a parallel system is 
operating for jobs without stops, we may plan preventive replacement actions measured 
by different time scales, such as time T planned constantly and time Y randomly 
determined according to jobs. For above replacements done at T and Y, the newly 
proposed approach of “whichever occurs last” [12] should be employed into models, 
whose motivations have been explored extensively [13, 14]. The replacement policy with 
the classical approach of “whichever occurs first” [2, 10] is also modeled to make 
numerical comparison of that with “whichever occurs last”. We call replacement polices 
with “first” and “last” as respective replacement first and replacement last in Section 4. 

2.   Age Replacement 

Throughout this paper, it is assumed that each unit has an independent and identical 
failure distribution 𝐹(𝑡) with finite mean  𝜇 ≡ ∫ 𝐹�(𝑡)𝑑𝑡∞

0 , where 𝛷�(𝑡) ≡ 1 −𝛷(𝑡)  for 
any function 𝛷(𝑡), and the system fails when all units have failed [1]. In addition, the 
failure rate ℎ(𝑡) ≡ 𝑓(𝑡)/𝐹�(𝑡)  increases from ℎ(0)  to ℎ(∞) , where 𝑓(𝑡) is a density 
function of 𝐹(𝑡). 

2.1.   Constant Number of Units 

Consider a parallel system with n units in which n is predefined as constant numbers such 
that 𝑛 = 1,2,⋯. The system is replaced preventively at a planned time T or at failure, 
whichever occurs first. Then, the expected replacement cost rate is [1] 

𝐶𝐴(𝑇;𝑛) =
𝑐1𝑛 + 𝑐𝐹𝐹(𝑇)𝑛

∫ [1 − 𝐹(𝑡)𝑛]𝑑𝑡𝑇
0

,                                                       (1) 

where 𝑐1  = acquisition cost for each new unit and 𝑐𝐹  = replacement cost for a failed 
system.  
    Differentiating 𝐶𝐴(𝑇;  𝑛) with respect to T and setting it equal to zero, 

𝑛ℎ(𝑇)[𝐹(𝑇)𝑛−1 − 𝐹(𝑇)𝑛]
1 − 𝐹(𝑇)𝑛 � [1 − 𝐹(𝑡)𝑛]

𝑇

0
𝑑𝑡 − 𝐹(𝑇)𝑛 =

𝑐1𝑛
𝑐𝐹

,                       (2) 

whose left-hand side increases strictly from 0 to ℎ(∞)∫ [1 − 𝐹(𝑡)𝑛]𝑑𝑡∞
0 − 1  [1]. 

Therefore, if ℎ(∞)∫ [1 − 𝐹(𝑡)𝑛]𝑑𝑡∞
0 > (𝑐1𝑛 + 𝑐𝐹)/𝑐𝐹 , then there exists a finite and 

unique 𝑇𝐴∗ which satisfies (2). 

2.2.   Random Number of Units 

The number of units for a parallel system cannot be predefined constantly as is done with 
the traditional method, but it is a random variable N whose probability function can be 
estimated from historical data [9], which is more suitable for a complex redundancy 
system with a large or uncertain number of units. We next suppose that a random variable 
N has a probability function 𝑝𝑛 ≡ Pr{𝑁 = 𝑛} (𝑛 = 1,2,⋯ )  with finite mean 𝛽 ≡
∑ 𝑛𝑝𝑛∞
𝑛=1 , where ∑ 𝑝𝑛 = 1∞

𝑛=1 .  
Suppose that 𝐹(𝑡) = 1 − 𝑒−𝜆𝜆  and N has a Zero-truncated Poisson distribution 𝑝𝑛 =

�𝛽
𝑛

𝑛!
� 𝑒−𝛽/(1 − 𝑒−𝛽)  with mean 𝛽/(1 − 𝑒−𝛽) . Obviously, if 𝛽  is estimated as a large 
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value, then 𝑝𝑛 ≈ �𝛽
𝑛

𝑛!
� 𝑒−𝛽 , which could be used for a large objective system in the 

following discussions. Then, the expected cost rate is 

𝐶𝐴(𝑇;𝛽) =
𝑐1𝛽 + 𝑐𝐹 exp�−𝛽𝑒−𝜆𝑇�

∫ [1 − exp(−𝛽𝑒−𝜆𝜆)]𝑑𝑡𝑇
0

.                                                      (4) 

Differentiating 𝐶𝐴(𝑇;  𝛽) with respect to T and setting it equal to zero, 
𝜆𝛽exp [−𝜆𝑇 − exp�−𝛽𝑒−𝜆𝑇�]

1 − exp(−𝛽𝑒−𝜆𝑇) � �1 − exp�−𝛽𝑒−𝜆𝜆��𝑑𝑡 −
𝑇

0
exp�−𝛽𝑒−𝜆𝑇� =

𝑐1𝛽
𝑐𝐹

,   (5) 

whose left-hand side increases strictly from −𝑒−𝛽 to log𝛽 + 𝛾 − 1. Therefore, if log𝛽 +
𝛾 > (𝑐1𝛽 + 𝑐𝐹)/𝑐𝐹, then there exists a finite and unique 𝑇𝛽∗ which satisfies (5), where 𝛾 
is Euler’s constant and 𝛾 = 0.5772 ….. 

Table 1: Optimal 𝑇𝐴∗ and 𝑇𝛽∗ for 𝑐1
𝑐𝐹

 and 𝑛,𝛽 = 5,10,20 when 𝐹(𝑡) = 1 − 𝑒−𝜆. 
𝑐1
𝑐𝐹

 𝑛,𝛽 = 5 𝑛,𝛽 = 10 𝑛,𝛽 = 20 
𝑇𝐴∗  𝑇𝛽∗ 𝑇𝐴∗ 𝑇𝛽∗ 𝑇𝐴∗ 𝑇𝛽∗ 

0.01 0.598 0.620 1.154 1.102 1.851 1.820 
0.03 0.864 0.953 1.515 1.524 2.328 2.335 
0.05 1.060 1.197 1.782 1.826 2.713 2.741 
0.07 1.237 1.415 2.031 2.102 3.117 3.162 
0.08 1.324 1.521 2.157 2.240 3.348 3.403 
0.09 1.411 1.627 2.287 2.382 3.615 3.681 
0.10 1.499 1.734 2.423 2.531 3.944 4.024 

    Table 1 presents optimal 𝑇𝐴∗ and 𝑇𝛽∗ for 𝑐1
𝑐𝐹

 and 𝑛,𝛽 = 5,10,20 when 𝐹(𝑡) = 1 − 𝑒−𝜆 . 
That is, the mean 𝛽 of the random variable N could be estimated as numbers n that are 
originally given in numerical analyses. Table 1 indicates when the number of units of a 
parallel system becomes random, its optimal replacement times should be revised 
accordingly, however, it could be found that optimal times 𝑇𝐴∗ and 𝑇𝛽∗ are closer when 𝑐1

𝑐𝐹
 

is smaller meanwhile n and 𝛽 become larger. 

3.   Excess and Shortage Costs 

We introduce two kinds of costs, i.e., excess and shortage costs [1], which are motivated 
from scheduling problems, for the same parallel system discussed in Section 2. If 
replacement time T in Section 2 is scheduled too early prior to failure time X, a waste of 
operation cost 𝑐𝐸(𝑋 − 𝑇)  is incurred because the system might run for an additional 
period of time to complete critical operations. On the other hand, if replacement time T is 
scheduled too late after failure time X, a great downtime cost 𝑐𝐸(𝑇 − 𝑋) is incurred due to 
the delay in time of replacement. We name the two costs as excess cost 𝑐𝐸(𝑡) and shortage 
cost 𝑐𝑆(𝑡) and discuss optimal times for replacement models. 

3.1.   Constant Number of Units 

Under the above conditions, we first consider replacement models for a parallel system 
with a constant number n of units, where 𝑛 = 1,2,⋯. When 𝑐𝐸(𝑡) = 𝑐𝐸𝑡 and 𝑐𝑆(𝑡) = 𝑐𝑆𝑡, 

�̃�𝐸𝑆(𝑇;𝑛) = 𝑐𝐸 � [1 − 𝐹(𝑡)𝑛]𝑑𝑡
∞

𝑇
+ 𝑐𝑆 � 𝐹(𝑡)𝑛𝑑𝑡

𝑇

0
,                           (6) 

and its optimal 𝑇�𝐸𝑆 is given by a finite and unique solution of 



324                                                     Toshio Nakagawa and Xufeng Zhao 

        

𝐹(𝑇)𝑛 =
𝑐𝐸

𝑐𝐸 + 𝑐𝑆
.                                                              (7) 

The expected cost rate is 

𝐶𝐸𝑆(𝑇;𝑛) =
𝑐𝐸 ∫ [1 − 𝐹(𝑡)𝑛]𝑑𝑡∞

𝑇 + 𝑐𝑆 ∫ 𝐹(𝑡)𝑛𝑑𝑡𝑇
0

∫ [1 − 𝐹(𝑡)𝑛]𝑑𝑡𝑇
0

.                           (8) 

Differentiating 𝐶𝐸𝑆(𝑇;𝑛) with respect to T and setting it equal to zero, 
∫ [1 − 𝐹(𝑡)𝑛]𝑑𝑡𝑇
0

1 − 𝐹(𝑇)𝑛
− 𝑇 =

𝑐𝐸
𝑐𝑆
� [1 − 𝐹(𝑡)𝑛]𝑑𝑡
∞

0
,                            (9) 

whose left-hand side increases strictly from 0 to ∞. Therefore, a finite and unique 𝑇𝐸𝑆∗ 
satisfies (9), and the resulting cost rate is 

𝐶𝐸𝑆(𝑇𝐸𝑆∗;𝑛) =
𝑐𝑆

1 − 𝐹(𝑇𝐸𝑆∗)
− (𝑐𝐸 + 𝑐𝑆).                                   (10) 

3.2.   Random Number of Units 

We next suppose that the number of units for a parallel system is a random variable N 
which has a probability function 𝑝𝑛 = Pr{𝑁 = 𝑛}. When the same Zero-truncated Poisson 
distribution for 𝑝𝑛 and its approximation for large 𝛽 are considered, the expected cost in 
(6) and the cost rate in (8) are 

�̃�𝐸𝑆(𝑇;𝛽) = 𝑐𝐸 � [1 − 𝑒−𝛽𝐹�(𝜆)]𝑑𝑡
∞

𝑇
+ 𝑐𝑆 � 𝑒−𝛽𝐹�(𝜆)𝑑𝑡

𝑇

0
,                         (11) 

𝐶𝐸𝑆(𝑇;𝛽) =
𝑐𝐸 ∫ [1 − 𝑒−𝛽𝐹�(𝜆)]𝑑𝑡∞

𝑇 + 𝑐𝑆 ∫ 𝑒−𝛽𝐹�(𝜆)𝑑𝑡𝑇
0

∫ [1 − 𝑒−𝛽𝐹�(𝜆)]𝑑𝑡𝑇
0

.                           (12) 

    We find optimal 𝑇�𝛽 and 𝑇𝛽∗ which minimize �̃�𝐸𝑆(𝑇;𝛽) and 𝐶𝐸𝑆(𝑇;𝛽) respectively. For 
𝑇�𝛽, it is a solution of 

𝑒−𝛽𝐹�(𝑇) =
𝑐𝐸

𝑐𝐸 + 𝑐𝑆
.                                                                   (13) 

For 𝑇𝛽∗, differentiating 𝐶𝐸𝑆(𝑇;𝛽) with respect to T and setting it equal to zero, 
∫ [1 − 𝑒−𝛽𝐹�(𝜆)]𝑑𝑡𝑇
0

𝑒−𝛽𝐹�(𝑇) −� 𝑒−𝛽𝐹�(𝜆)𝑑𝑡
𝑇

0
=
𝑐𝐸
𝑐𝑆
� �1 − 𝑒−𝛽𝐹�(𝜆)�𝑑𝑡
∞

0
,                 (14) 

whose left-hand increases strictly with T from 0 to ∞. Therefore, there exists a finite and 
unique 𝑇𝛽∗ which satisfies (14), and the resulting cost rate is 

𝐶𝐸𝑆�𝑇𝛽∗;𝛽� =
𝑐𝑆

𝑒−𝛽𝐹�(𝑇𝛽∗) − 𝑐𝐸 .                                          (15) 

 
Table 2: Optimal 𝑇𝐸𝑆∗ and 𝑇𝛽∗ for 𝑐𝐸

𝑐𝑆
 and 𝑛,𝛽 = 5,10,20 when 𝐹(𝑡) = 1 − 𝑒−𝜆. 

𝑐𝐸
𝑐𝑆

 𝑛,𝛽 = 5 𝑛,𝛽 = 10 𝑛,𝛽 = 20 
𝑇𝐸𝑆∗  𝑇𝛽∗ 𝑇𝐸𝑆∗ 𝑇𝛽∗ 𝑇𝐸𝑆∗ 𝑇𝛽∗ 

0.1 1.432 1.204 2.487 1.750 3.515 2.364 
0.3 1.711 1.658 2.649 2.232 3.616 2.856 
0.5 1.890 1.916 2.776 2.504 3.703 3.134 
0.7 2.026 2.104 2.881 2.701 3.780 3.337 
0.9 2.138 2.254 2.972 2.858 3.850 3.498 
1.0 2.188 2.319 3.014 2.927 3.882 3.568 
3.0 2.804 3.085 3.562 3.724 4.349 4.383 
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    Table 2 presents optimal 𝑇𝐸𝑆∗ and 𝑇𝛽∗ for 𝑐𝐸
𝑐𝑆

 and 𝑛,𝛽 = 5,10,20 when 𝐹(𝑡) = 1 − 𝑒−𝜆. 

Table 2 indicates that both 𝑇𝐸𝑆∗ and 𝑇𝛽∗ increase with 𝑛,𝛽 and 𝑐𝐸
𝑐𝑆

, where 𝛽 is supposed to 
be the mean of given n. Not only that, the assumption of excess and shortage costs gives 
different discussions from those where the cost for preventive replacement should be less 
than that for corrective actions. It may be more practical to suppose that costs for both 
preventive and corrective replacements are functions of excess and shortage time 
intervals. 

4.   Replacement First and Last 

When two replacements are planned preventively, it is reasonable to observe optimal 
polices in which two approaches of “whichever occurs first” and “whichever occurs last” 
are modeled. In this section, we model replacement policies for a parallel system when 
“first” and “last” are used and compare them numerically. 

4.1.   Replacement First 

Suppose a parallel system in Section 2 operates for successive jobs with a random 
working time Y, whose distribution is 𝐺(𝑡) = Pr {𝑌 ≤ 𝑡}. To prevent system failure, it is 
replaced before failure at a planned time T or at the end of the working cycle Y, whichever 
occurs first, which is called replacement first. The policy indicates that replacement 
should be done as soon as possible before failure when either T or Y is first triggered. 
Therefore, the expected replacement cost rate is 

𝐶𝐹(𝑇;𝑛) =
𝑐𝑇 + (𝑐𝐹 − 𝑐𝑇)∫ �̅�(𝑡)𝑑𝐹(𝑡)𝑛𝑇

0

∫ �̅�(𝑡)[1 − 𝐹(𝑡)𝑛]𝑑𝑡𝑇
0

,                                (16) 

where 𝑐𝑇 is the replacement costs at times T and Y, 𝑐𝐹 is the replacement cost at failure, 
and 𝑐𝐹 > 𝑐𝑇. 
    We next find an optimal 𝑇𝐹∗ which minimizes 𝐶𝐹(𝑇;𝑛) in (16). Differentiating 𝐶𝐹(𝑇;𝑛) 
with respect to T and setting it equal to zero, 

𝑛ℎ(𝑇)[𝐹(𝑇)𝑛−1 − 𝐹(𝑇)𝑛]
1 − 𝐹(𝑇)𝑛 � �̅�(𝑡)[1 − 𝐹(𝑡)𝑛]𝑑𝑡

𝑇

0
− � �̅�(𝑡)𝑑𝐹(𝑡)𝑛

𝑇

0
=

𝑐𝑇
𝑐𝐹 − 𝑐𝑇

, (17) 

whose left-hand side increases strictly from 0 to 𝐿1(∞). 
    If 𝐿1(∞) > 𝑐𝑇

𝑐𝐹−𝑐𝑇
, then there exists a finite and unique 𝑇𝐹∗ which satisfies (17), and the 

resulting cost rate is 

𝐶𝐹(𝑇𝐹∗;𝑛) = (𝑐𝐹 − 𝑐𝑇)
𝑛ℎ(𝑇𝐹∗)[𝐹(𝑇𝐹∗)𝑛−1 − 𝐹(𝑇𝐹∗)𝑛]

1 − 𝐹(𝑇𝐹∗)𝑛 .                (18) 

If 𝐿1(∞) ≤ 𝑐𝑇
𝑐𝐹−𝑐𝑇

, then 𝑇𝐹∗ = ∞, i.e., the system is only replaced according to random 
working time Y, and the expected cost rate is 

𝐶𝐹(∞;𝑛) =
𝑐𝑇 + (𝑐𝐹 − 𝑐𝑇)∫ �̅�(𝑡)𝑑𝐹(𝑡)𝑛∞

0

∫ �̅�(𝑡)[1 − 𝐹(𝑡)𝑛]𝑑𝑡∞
0

.                    (19) 

4.2.   Replacement Last 

Suppose that the system is replaced at a planned time T or at the end of the working time 
Y, whichever occurs last, which is called replacement last. It can be understood from this 
policy that the system is replaced as late as possible when either T or Y is last triggered. 
Then, the expected replacement cost rate is 
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𝐶𝐿(𝑇;𝑛) =
𝑐𝑇 + (𝑐𝐹 − 𝑐𝑇)[𝐹(𝑇)𝑛 + ∫ �̅�(𝑡)𝑑𝐹(𝑡)𝑛𝑑𝑡]∞

𝑇

∫ [1 − 𝐹(𝑡)𝑛]𝑑𝑡𝑇
0 + ∫ �̅�(𝑡)[1 − 𝐹(𝑡)𝑛]𝑑𝑡∞

𝑇

.                                  (20) 

Clearly, lim𝑇→0𝐶𝐿(𝑇;𝑛) = lim𝑇→∞𝐶𝐹(𝑇;𝑛)  that is given in (19), and 𝐶𝐿(𝑇;𝑛)  for 
�̅�(𝑡) ≡ 0 is equal to 𝐶𝐹(𝑇;𝑛) for �̅�(𝑡) ≡ 1, which becomes a standard age replacement at 
time T [10]. 
    Differentiating 𝐶𝐿(𝑇;𝑛) with respect to T and setting it equal to zero, 

𝑛ℎ(𝑇)[𝐹(𝑇)𝑛−1 − 𝐹(𝑇)𝑛]
1 − 𝐹(𝑇)𝑛 �� [1 − 𝐹(𝑡)𝑛]𝑑𝑡

𝑇

0
+ � �̅�(𝑡)[1 − 𝐹(𝑡)𝑛]𝑑𝑡

∞

𝑇
�

− �1 −� �̅�(𝑡)𝑑𝐹(𝑡)𝑛
∞

𝑇
� =

𝑐𝑇
𝑐𝐹 − 𝑐𝑇

,                                                      (21) 

whose left-hand side increases strictly from 𝐿2(0) to 𝐿2(∞) = ℎ(∞)∫ [1 − 𝐹(𝑡)𝑛]𝑑𝑡 −∞
0

1. 
    If 𝐿2(0) < 𝑐𝑇

𝑐𝐹−𝑐𝑇
< 𝐿2(∞), then there exists a finite and unique 𝑇𝐿∗ which satisfies (21), 

and the resulting cost rate is 

𝐶𝐿(𝑇𝐿∗;𝑛) = (𝑐𝐹 − 𝑐𝑇)
𝑛ℎ(𝑇𝐿∗)[𝐹(𝑇𝐿∗)𝑛−1 − 𝐹(𝑇𝐿∗)𝑛]

1 − 𝐹(𝑇𝐿∗)𝑛
.                        (22) 

If 𝐿2(∞) < 𝑐𝑇
𝑐𝐹−𝑐𝑇

, then 𝑇𝐿∗ = ∞ , i.e., the system is replaced only at failure, and the 
resulting cost rate is 

𝐶𝐿(∞;𝑛) =
𝑐𝐹

∫ [1 − 𝐹(𝑡)𝑛]𝑑𝑡∞
0

.                                                    (23) 

 
    Table 3 presents optimal 𝑇𝐹∗  satisfying (17) and 𝑇𝐿∗  satisfying (21) for 𝑐𝑇

𝑐𝐹−𝑐𝑇
 and 

𝑛,𝛽 = 5,10,20 when 𝐹(𝑡) = 1 − 𝑒−𝜆1.5 and 𝐺(𝑡) = 1 − 𝑒−𝜆. We can compare the relative 
size of 𝑇𝐹∗ and 𝑇𝐿∗ to determine whether replacement first or last could save the cost rate 
for a long run. For example, when 𝑛 = 10 and 𝑐𝑇

𝑐𝐹−𝑐𝑇
= 3.0, 𝑇𝐹∗ = 1.323 > 𝑇𝐿∗ = 1.262, 

and 𝐶𝐿(𝑇𝐿∗;𝑛) <  𝐶𝐹(𝑇𝐹∗;𝑛), which means that replacement last saves more cost rate than 
replacement first does. 

Table 3: Optimal 𝑇𝐹∗ and 𝑇𝐿∗ when 𝐹(𝑡) = 1 − 𝑒−𝜆𝑚 and 𝐺(𝑡) = 1 − 𝑒−𝜆. 
𝑐𝑇

𝑐𝐹 − 𝑐𝑇
 𝑛 = 5 𝑛 = 10 𝑛 = 20 

𝑇𝐹∗ 𝑇𝐿∗ 𝑇𝐹∗ 𝑇𝐿∗ 𝑇𝐹∗ 𝑇𝐿∗ 
0.1 0.500 0.811 0.819 1.074 1.161 1.352 
0.3 0.611 0.828 0.930 1.091 1.265 1.372 
0.5 0.675 0.842 0.994 1.108 1.324 1.389 
0.7 0.724 0.858 1.040 1.124 1.367 1.406 
0.9 0.765 0.873 1.078 1.139 1.402 1.420 
1.0 0.784 0.880 1.095 1.145 1.418 1.428 
3.0 1.041 1.003 1.323 1.262 1.622 1.537 

5.   Conclusions 

In this survey, three newly proposed notions in our research have been applied into 
replacement policies for a parallel system. When the number of unit of a parallel system 
cannot be predetermined as constant values but can be estimated as mathematical means 
of some random variables, its optimal replacement times should be corrected accordingly. 
It has been shown that the obtained optimal policies for random number case is close to 
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the case for constant number, however, we could not neglect the difference to meet the 
high reliability of the system operations. To make the replacement more economic or 
environmental protection, it has been shown that we need to consider replacement waste 
cost, i.e., excess cost, into models, and optimal policies for the standard age replacement 
should be revised. Further, we have given two discussions of approaches of “whichever 
occurs first” and “whichever occurs last” from the point of random working time. These 
models would offer new subjects for researchers and engineers, and can be applied into 
actual parallel systems by making effective modifications and extensions. 
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