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Abstract: Complex systems are usually repairable and subject to a few types of 

different preventive maintenance (including overhaul), which can be imperfect. This 

paper reanalyzes the bus-motor-failure data of [1]. Four different competing risk 

models, each of which has three parameters, are fitted to the data and the best model 

is identified. Based on an examination of the failure rate of the fitted model, two 

basic aging characteristics are identified and analyzed. The results are useful for 

modeling and analyzing similar systems. 
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1.   Introduction  

Service performance (e.g., reliability) of complex systems deteriorates with time and 

usage. To retain or restore the service performance, the systems have to be maintained and 

the maintenance actions are usually imperfect (i.e., a system’s condition is improved but 

not to its initial condition). The reason for an imperfect repair is that it is usually faster and 

cheaper than a perfect repair or replacement. As a result, the mean time to failure (MTTF) 

becomes shorter and shorter as the number of repairs increases. To model such a 

deterioration process, a number of models have been developed. For a comprehensive 

review, see Pham and Wang [2].  

However, if information of the time to first and subsequent failures is available, it is 

possible to directly model the time to jth failure (j = 1, 2, …) without a need of using an 

imperfect maintenance model. This requires carefully collecting detailed data for the first 

and subsequent failures, as done by Davis [1]. The models built in such a way use fewer 

assumptions and hence are more reliable for maintenance decision analysis. This paper 

deals with this approach using the bus-motor failure data of Davis.  

The paper is organized as follows. Section 2 presents the data and reviews the 

previous works. Section 3 presents candidate models. Section 4 deals with parameter 

estimation and evaluation of goodness-of-fit for the fitted models. Section 5 discusses the 

aging characteristics associated with the bus-motor failure. The paper is concluded in 

Section 6. 
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2.  Previous Works 

2.1 Bus-motor Failure Data 

Field data for bus-motor major failures (i.e., abrupt breakdown or an event in which the 

motor maximum power is smaller than a certain value) come from [1] and are given in 

Table 1. Modeling the time to jth (j = 1, 2, …) failure is crucial for appropriately planning 

maintenance actions for the bus motor.  

Blischke and Murthy [3] notice the limitations imposed by the structure of the data 

shown in Table 1. The first major problem is that the sample size varies, implying that 

there are some censored observations are not included. Another main problem is that 

failure modes and repair actions are not clearly stated whilst repair actions can have a 

significant effect on types and times of succeeding failures. As a result, accurate reliability 

modeling is impossible with the available information. 

Table 1: Bus-Motor Failure Data (in 103 miles) to the jth Failure (1≤j≤5) 

Interval 1st  Interval 2nd  Interval  3rd Interval  4th  5th  

0 - 20 6 0 - 20 19 0 - 20 27 0 - 20 34  29 

20 - 40 11 20 - 40 13 20 - 40 16 20 - 40 20  27 

40 - 60 16 40 - 60 13 40 - 60 18 40 - 60 15  14 

60 - 80 25 60 - 80 15 60 - 80 13 60 - 80 15  8 

80 - 100 34 80-100 15 80-100 11 80 - up 12  7 

100-120 46 100-120 18 100-up 16      

120-140 33 120-up 11      

140-160 16         

160-up 4         

Sum  191  104  101  96  85 

To make modeling possible, we assume that the buses were bought at different time 

and hence had different ages, and the time to the jth failure for buses that had not failed 

follows the same failure distribution as those that had failed. As such, the samples given in 

Table 1 represent the population’s behavior. The previous works implicitly use this 

assumption.  

It is noted that the sample sizes for the 2
nd

 – 5
th

 failures are close to each other and 

almost equals a half of the sample size for the 1
st
 failure. It seems that the buses might be 

bought in two batches. If so the above assumption can be unrealistic since the observations 

that had not failed are usually associated with healthy systems, which have longer lives. 

Neglecting long-life data will result in underestimating the system reliability. On the other 

hand, it is noted that the differences between the sample sizes for the 2
nd

 – 5
th

 failures are 

not big. This implies that the number of the buses that had not failed may be not too many, 

and hence the assumption approximately holds.  

2.2  Results of Davis  

Davis [1] separately modeled the five sets of data using normal and exponential 

distributions. The results are as follows:  

� Normal distribution provides an acceptable fit for the data of the time to the 1st 

failure; 

� Neither normal distribution nor exponential distribution is appropriate for modeling 

the data of the time to the 2
nd

 failure; and  

� Exponential distribution provides reasonable fits to the data of the time to the 3
rd
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through 5th failures. 

The last point (i.e., asymptotically exponential distribution) is generalized by Drenick [4]. 

Namely, for a piece of complex equipment operating under steady state the time between 

failures follows an exponential distribution.  

2.3  Results of Bain [5] and Smith and Bain [6] 

Bain [5] adapts a two-fold Weibull competing risk model (see [7]) with known shape 

parameters (equal to 1 and 2) for modeling the data of the time to the 2
nd

 failure and 

obtains a good fit.  

Smith and Bain [7] propose an exponential-power distribution (a special case of (1) 

with 1β = ) for modeling the data of the time to the fifth failure.  

2.4  Results of Mudholkar and Srivastav [8]  

Mudholkar and Srivastav [8] use the exponentiated Weibull model (EW) to fit the 

data sets of Table 1. The distribution function of the EW family is given by 
( / )( ) [1 ]t

F t e
βα θ−= − , , , 0α β θ > .       (1) 

The model includes the Weibull distribution as a special case, which is achieved when 

1θ = . Their conclusions are as follows:  

� For the data sets of the time to the 1
st
 through 3

rd
 failures, the EW provides good fits. 

The failure rate is increasing for the first data set and bathtub-shaped for the 2
nd

 and 

3
rd

 data sets.  

� The exponential model provides an adequate fit for the data set of the time to the 4
th

 

failure, implying a constant failure rate.  

� The Weibull distribution with 1β >  provides an adequate fit for the data set of the 

time to the 5
th

 failure, implying an increasing failure rate.  

2.5  Discussion  

Since the simple models used by Davis appear inadequate, the other authors use more 

complex models to fit the data. In fact, a simple distributional model is often inadequate 

for modeling the data from a complex system. It seems that no distribution family is found 

to be applicable for all the five data sets. It is desired to use a distribution family for 

modeling all the five data sets. A benefit to do so is to exploit how the distributional 

parameters change as the number of repairs increases so as to get an insight into system 

aging characteristics.  

It is noted that the failure rate for small t  can be approximated by:  

   ( ) ( )r t f t≈ .        (2) 

On the other hand, for the interval data and small t , we have 

1( ) /f t n n≈         (3) 

where 1n  is the number of observations in the first interval and n  is the sample size. 

For the data sets given in Table 1, (0)r  is a non-zero finite value according to (2) and 

(3). However, for the EW model given by (1) and small t , we have (see [9]):  

1( ) ( / )f t t
βθβθ

α
α

−≈ .       (4) 

Namely, (0)r = ∞  if 1βθ < , (0) 1/r α=  if 1βθ = , or (0)r = 0 if 1βθ > . This 

implies that the EW model given by (1) is not good enough for the bus-motor data.  
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3.  Candidate Models  

To select an appropriate candidate distribution family, we need to consider the 

following facts: 

(a) The model should have a finite initial failure rate (0)r = 0r  as indicated earlier, 

(b) The model should not be a simple model, implying that the number of parameters are 

larger than 2. On the other hand, there are only five intervals for the 4th and 5th data 

sets. As a result, the model at best has three parameters. 

The following general model meets all these requirements: 

                                
0( ) ( )r t r h t= +          (5) 

where ( )h t  is a failure rate with two parameters and (0) 0h = . This is a two-fold 

competing risk model (see [7]) that consists of:  

1 0
( ) 1 exp( )F t r t= − −  and 

2

0

( ) 1 exp[ ( ) ]

t

F t h x dx= − −∫ .   (6) 

As a result, the distribution function of the candidate model is given by 

1 2( ) 1 [1 ( )][1 ( )]F t F t F t= − − − .      (7) 

Thus, the problem is to decide on the specific form of 2 ( )F t . We consider four candidate 

models for 
2 ( )F t , which all have two parameters: 

� Weibull distribution given by (1) with 1θ = ,  

� Inverse Weibull distribution with the distribution function given by (see [10]) 

2 ( ) exp[ ( / ) ]F t t
βα= − .       (8) 

� Gamma distribution with the distribution function given by 

1 /

2

0

1
( )

( )

t

x
F t x e dx

ρ η

ρη ρ
− −=

Γ ∫ .       (9) 

� Lognormal distribution with the distribution function given by 

2

ln( )
( ) ( )s

t
F t

µ

σ

−
= Φ        (10) 

where (.)sΦ  is the standard normal distribution function. 

4.  Parameter Estimation and Goodness-of-Fit  

4.1 Estimation Method  

Suppose that a set of interval data consists of m  intervals and the ith interval 

( 1,i it t− ) contains in  observations, 01 , 0i m t≤ ≤ =  and mt = ∞ . The total number of 

observations is 
1

m

i

i

n n
=

=∑ .  

We use the maximum likelihood method to estimate the model parameters. The log-

likelihood function is given by 

1

1

ln( ) ln[ ( ) ( )]
m

i i i

i

L n F t F t −
=

= −∑ .      (11) 

The parameters can be obtained by directly maximizing ln( )L  using the Solver of 

Microsoft Excel.  
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4.2  Goodness-of-Fit 

The goodness-of-fit can be evaluated using the 2χ  test statistic given by 

2 2

2

1

1 1

( )
, [ ( ) ( )]

m m
i i i

i i i

i ii i

n E n
n E n F t F t

E E
χ −

= =

−
= = − = −∑ ∑ .   (12) 

The smaller 2χ  is, the better the model is. Optionally, the goodness-of-fit can be 

measured by the p -value given by 2( )p Pr X χ= > , where X  follows the chi-squared 

distribution with a degrees of freedom 1m k− − , and k  is the number of the estimated 

parameters. The larger the p -value is, the better the goodness-of-fit is.  

4.3  Results  

Using the approach outlined above, we obtained the estimated model parameters 

shown in Table 2. As a reference model for comparison, Table 2 also includes the results 

for the EW model. Table 3 shows the 2χ  values of all the fitted models.  

Table 2: Model Parameters 

Model  1st 2nd 3rd 4th 5th 

β  7.23 13.86 3.94 15.22 0.96 
α  139.0 134.3 118.0 97.8 24.8 Exponentiated 

Weibull (EW) 
θ  0.2775 0.0688 0.1909 0.0430 1.8311 
β  4.19 6.15 3.9 10.23 1.29 
α  119.1 118.0 125.4 87.2 39.0 Exponential- 

Weibull 

(ExW) 
01 / r  485.3 106.7 69.8 47.8 9977.8 

β  6.19 6.79 1.86 4.34 1.39 
α  109.2 107.6 104.2 81.4 51.1 Exponential- 

Inverse 

Weibull 

(ExIW) 01 / r  233.1 96.5 70.2 47.8 50.8 
ρ  17.27 24.93 7.42 35.03 1.58 
η  6.55 4.52 16.51 2.47 22.93 Exponential- 

Gamma 

(ExG) 01 / r  348.8 104.0 69.8 47.8 6407482 
µ  4.72 4.71 4.78 4.46 3.96 
σ  0.23 0.20 0.43 0.18 0.76 Exponential- 

Lognormal 

(ExLN) 01 / r  320.7 103.1 70.0 47.8 64.8 
4.4  Model Comparison and Analysis  

4.4.1 Model Comparison 

We first look at the EW model. It is noted that β , θ  and βθ  significantly 

fluctuate as j  increases. This is not desired. In terms of 2χ , this model is inferior to the 

exponential-Weibull competing risk model. Furthermore, this model does not have a 

proper physical interpretation; particularly its characteristic of failure rate at the origin is 

not favored (as indicated in Section 2.5).  
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Table 3: Goodness-of-Fit ( 2χ ) 

j  EW ExW ExIW ExG ExLN 

1 3.9787 1.6434 26.4244 7.4731 10.1987 

2 2.1315 0.6363 2.5098 1.2169 1.4424 

3 0.6438 1.0482 0.9650 0.9801 0.9507 

4 0.1380 0.1677 0.1652 0.1654 0.1652 

5 0.0868 0.2255 0.1873 0.1034 0.1170 
5 2

1 jχ∑  6.9789 3.7211 30.2516 9.9388 12.8740 
2 2

1 jχ∑  6.1104 2.2796 28.9345 8.6901 11.6411 
5 2

3 jχ∑  0.8686 1.4414 1.3175 1.2489 1.2329 
 

On the whole, the exponential-Weibull competing risk model has the best goodness-

of-fit among all the models. However, the estimate of α  for the third set data, the 

estimates of β  for the second and fourth data sets and the estimate of 0r  for the fifth set 

data do not come up to our expectation.  

Wholly, the exponential-inverse-Weibull competing risk model seemingly provides 

the worst fit to the data sets. However, its fits to the last three data sets are acceptable. The 

parameters relatively smoothly change with j , particularly its estimates for 0r  

seemingly come up to our expectation. 

The goodness-of-fit of the exponential-gamma competing risk model seems 

acceptable; this is particularly true with the estimates for the first two data sets. Similar to 

the exponential-Weibull model, its parameters fluctuate with j ; particularly the fit for the 

fifth data set appears not favored.  

The exponential-lognormal competing risk model provides the best fits for the last 

three data sets. Similar to the exponential-inverse-Weibull model, its estimates for 
0r  

seemingly come up to our expectation but there is a relatively big difference between the 

estimates of 0r  obtained from this model and the exponential-inverse-Weibull model.  

To have a trade-off fit, we combine the estimates of the exponential-Weibull model 

with the exponential-gamma model for the first two data sets as below: 

( ) ( ) (1 ) ( )ExW ExGr t pr t p r t= + −       (13) 

with p  being given by  

2 2

1
1 ( ) /j ExWp χ= − ∑

2 2

1
[( )j ExGχ +∑

2 2

1
( ) )] 0.7922j ExWχ =∑ .    (14) 

Similarly, we combine the estimates of the exponential-lognormal competing risk 

model with the exponential-inverse-Weibull model for the last three data sets as below: 

( ) ( ) (1 ) ( )ExLN ExIWr t pr t p r t= + −       (15) 

with p  being given by  

5 2

3
1 ( ) /j ExLNp χ= − ∑

5 2

3
[( )j ExLNχ +∑

5 2

3
( ) )] 0.5166j ExIWχ =∑ .   (16) 

4.4.2 Model Analysis  

We now examine some characteristics of the models given by (13) and (15). Firstly, 

two important life characteristics are MTTF ( µ ) and standard deviation (σ ). Table 4 
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shows their values as function of j  (the number of failures). As expected, µ  is a 

decreasing function of j  and can be empirically modeled by the following expression:  

               95.61 37.87 ln( )jµ ≈ − .      (17) 

The relative dispersion of the life can be represented by the coefficient of variation or 

its inverse µ /σ , which can be is roughly decreasing and can be empirically modeled by 

the following expression:  
1.3484/ 1 1.5830 / jµ σ ≈ + .      (18) 

It is noted that / 1µ σ =  for the exponential distribution. Eq. (18) implies that the time to 

failure tends to be exponentially distributed as j  increases, which is consistent with the 

finding of [4]. 

The initial failure rate as a function of j  is roughly increasing and can be 

empirically modeled by the following expression:  

             0 0.0023 0.0110ln( )r j≈ + .      (19) 

Table 4: Characteristics Derived from (13) and (15) 

 1 2 3 4 5 
µ  96.2 67.75 56.4 39.97 36.44 
σ  37.28 40.83 44.92 30.29 30.89 

µ /σ  2.58 1.66 1.26 1.32 1.18 
0r , 

3
10

−×  2.23 9.42 14.27 20.91 17.49 
 

The failure rates as functions of t  and j  are shown in Figure 1. Although 

somehow complex in shape, we have the following observations:  

� Roughly, the system has a random failure phase and a wear-out phase. The failure 

rate during the random failure phase keeps at a higher level when j  is large. 

� If a preventive maintenance (e.g., overhaul) for the system is scheduled at the time 

when the failure rate reaches a pre-specified failure rate level, then the necessity of 

such preventive maintenance depends on the specified failure rate level (see Figure 

1). This necessitates optimizing the failure rate level and monitoring the failure rate.  
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Figure 1: Failure rate functions. 
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5.  Analysis of Aging Characteristics 

Table 4 shows that the distribution of the time to failure becomes relatively more 

dispersive as j  increases, and /µ σ  tends to 1, like an exponential distribution. Figure 

1 shows that failure rate changes with j  in a complex way. This results from the 

following factors.  

1) When the system’s age is not too large, almost all components have the same age. 

For a well-designed and manufactured system, the system rarely fails in the normal 

service life. As a result, after entering the wear-out phase, more and more 

components reach their service lives and hence the system displays an obvious aging 

tendency (i.e., quickly increasing failure rate, see the curves “1
st
” and “2

nd
” in Figure 

1). This occurs when the system operates under transient state. In this case, 

preventive maintenance for the whole system is effective.  

2) As use time increases, more components gets replaced or repaired. As a result, the 

components have different ages and hence are in different aging stages; the system 

failures may occurs at any time and displays the failure characteristics of an 

exponential distribution, whose failure rate level is governed by the inherent 

reliability and maintenance actions. This occurs when the system operates under 

steady state, and preventive maintenance for components or subsystems is effective.  

3) For the system that operates under steady state and is imperfectly repaired, the 

system life becomes shorter with the number of repairs. As such the life will fall into 

a narrow range. This may result in a life “concentration” tendency and against the 

increase in /µ σ . In fact, if the life is uniformly distributed in (0, L), it has 

/ 3 1µ σ = > .  

These imply that the system aging process is influenced by two aging phenomena -- 

concentrated aging for small j  and de-concentrated aging for large j . As a result, we 

can conclude:  

For the system that operates under steady state one should reduce the preventive 

maintenance tasks (e.g., overhauls) for the whole system; instead, one should focus 

on the preventive maintenance tasks for subsystems, assemblies and components. 

6.  Discussions and Conclusions 

In this paper, we have reanalyzed the bus-motor data using four different competing 

risk models and obtained better fit than the ones obtained by the previous works. We then 

examined the system aging characteristics and found that the failure rate at the normal 

service phase increases and the relative aging tendency (in terms of the inverse of the 

coefficient of variation) decreases as the number of failures (or repairs) increases. This is 

consistent with the observation obtained by Davis [4]. These result from the interactions 

between the concentrated and de-concentrated aging processes of the system’s 

components. Finally, the paper has shown the complexity of modeling the reliability of 

complex systems and the importance of carefully collecting field data.  

If a preventive maintenance program with a few types is conducted to improve the 

operating performance, the optimal decision for scheduling such actions is needed. For 

such problems, we need not only a reliability model for major failures but also a reliability 

model for minor failures for the first and subsequent failures. In addition, we also need to 

build relevant cost models. The author is currently working on these issues. 
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