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Abstract - The use of warranty claims data to determine the failure characteristics of a product 

is well documented. Typically, existing techniques assume that the product ages at the times of 

failure are known or can be derived based on product manufacturing data for each month of 

production and the corresponding monthly failure counts derived from the warranty claims.  

However, our experience shows that, in many cases, it may not be possible to know the failure 

ages of components. The information available from each month might be limited to the 

volume of shipments and total claims or product returns. In these cases, the data hides the 

component age at the time of failure. In this paper, we show that when the failure history 

information is incomplete, the failure distribution of the product can be determined using 

Bayesian analysis techniques applicable for handling incomplete data. The popular 

Expectation-Maximization (EM) algorithm is applied to find the Maximum Likelihood 

Estimates (MLE) of the failure distribution parameters using incomplete data. The 

effectiveness of the EM algorithm is compared using several sets of incomplete warranty data 

generated using simulation. The EM algorithm is observed to be powerful in capturing the 

hidden failure patterns from the incomplete warranty data.    

 

Keywords: warranty claims, sales volume, incomplete data, Expectation-Maximization (EM) 

algorithm 

 
1.   Introduction 

A warranty is a manufacturer’s assurance to a buyer that a product is or shall be as represented 

[1]. It is basically a contractual agreement between the buyer and manufacturer (or seller) that 

is entered into upon the sale of the product or service. In broad terms, the purpose of warranty 

is to establish liability between the two parties, i.e., manufacturer and buyer, in the event that 

an item fails. The warranty is intended to assure the buyer that the product will perform its 

intended function under normal conditions of use for a specified period. Additionally, the 

warranty assures the buyer that a faulty item will be either repaired or replaced at no cost or at 

a reduced cost. From the seller’s point of view, warranties are seen as effective advertising 

tools because buyers often infer that a product with a longer warranty is more reliable. 
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Warranties have become an integral part of nearly all consumer and commercial purchases as 

well as of many government transactions that involve product purchases. 

When an item fails during the warranty period, the buyer (customer) contacts the 

manufacturer or seller and files a claim for the warranty benefits, which involve replacement 

of the failed item or repair at some designated service center or at the customer’s location. In 

most cases, the failed item is returned to the manufacturer. The warranty claims data contains 

information about the product’s field performance and reliability characteristics. It is more 

valid than laboratory test data because it represents real customer usage in real life situations 

[2, 3]. Warranty data can be used to determine the failure characteristics of a product, major 

failure modes in the field, and design or manufacturing defects in a specific production lot or 

at a specific manufacturing location [4]. The warranty data analysis has the following usages:  

• Help identify needed product improvements and cost-effective corrective actions for 

future releases. 

• Forecast future failures in the field and determine the expected warranty claims [5], 

which allow the manufacturer to establish the required resources and replaceable 

parts inventory needed to support warranty claims and eliminate delays and 

associated costs. 

• Determine whether the current warranty policies are appropriate or need to be 

modified for future releases [6]. 

• Compare field performance of different products or different product releases 

• Determine the effectiveness of the product modifications or improvements made.  

Typically, the failure distribution and its parameters are determined using product 

manufacturing data for each month of production and the corresponding monthly failure 

counts derived from the warranty claims. If the data is collected systematically, complete 

information of the failures that includes the product ages at the time of failure can be derived. 

Classical Weibull/failure data analysis methods, such as Maximum Likelihood Estimation 

(MLE) and rank regression, are then used to determine the failure time distribution and 

parameters [5, 7, 8]. An alternative to Weibull analysis is recurrent data analysis or reliability 

growth analysis [9]. An appropriate approach for warranty data analysis is based on the type 

of warranty policies. If the warranty policy is to replace the failed item or refund the price of 

the item, then Weibull analysis should be used to find the parameters of the underlying 

cumulative failure distribution function. In the analysis, if the item is replaced by a new one, 

then it should be considered as a separate item and be included in the shipment corresponding 

to the replacement date. However, if the warranty policy is to repair the failed item and the 

repaired item is not expected to be as good as new, then recurrent data analysis should be 

used. Several studies showed the number of items with repeated failures within the warranty 

period is below 5%, and for some product lines, they are well below 1% [10]. Therefore, for 

analyzing the warranty data, it is appropriate to consider the Weibull analysis in most cases. In 

addition, we should not expect any reliability growth within a specific release or model of a 

product. Therefore, in this paper, we model the behavior of the warranty failures using the 

cumulative distribution function as in [10], and we analyze the distribution parameters using 

Weibull analysis.  

Weibull analysis is straightforward when data sets consist of complete information for 

failures. However, our experience shows that, in many cases, the ages of component failures 

[2] are unknown. This is generally because the databases for production, shipment, sales, and 
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customer service or Return Material Authorization (RMA), are independent and isolated. 

These applications are typically designed to provide functionality for the respective 

departments. They are not specifically designed to generate the data sets required for failure 

data analysis. Therefore, unless the data collection process is designed to support reliability 

and failure data analysis, the warranty data generally contains incomplete information about 

the ages of product failures [9-12]. In most cases, the information available from each month 

might be limited to the volume of shipments and total claims or product returns. In addition, 

the time difference between shipment and product return may not be a true representation of 

the product failure time. This is because this time may contain several delays between 

production, shipment, sales, failure, and returns filing [2]. Therefore, efficient methods are 

needed to determine the failure distribution of products using incomplete data.  

It is known that Bayesian analysis techniques are capable of handling incomplete data 

[13]. In particular, the Expectation-Maximization (EM) algorithm is one of the popular 

methods for finding the Maximum Likelihood Estimates (MLE) of parameters for 

probabilistic models using incomplete data [14]. The EM algorithm is popular in several fields 

such as statistical genetics and pattern recognition. It is considered one of the top 10 statistical 

techniques invented in the twentieth century [15]. In this paper, the EM algorithm will be 

applied to estimate the failure distribution parameters using incomplete warranty data where 

information available from each month is limited to the volume of shipments and total claims.    

The effectiveness of the EM algorithm is compared using several sets of incomplete 

warranty data generated using simulation. The simulation experiments indicate that the EM 

algorithm is powerful in capturing the hidden failure patterns from the incomplete warranty 

data.    

Acronyms and Abbreviation 

EM Expectation-Maximization (algorithm) 

MLE Maximum Likelihood Estimation (method) 

F Failure 

S Suspension 

ML Maximum Likelihood (estimates) 

MTBF Mean Time Between Failures; mean time to failure of an item with 

exponential distribution 

NF Number of Failures 

TOT Total Operating Time 

E-step Expectation step 

M-step Maximization step 

Notation 

Fi Number of failures during the age of month i 

Si Number of suspensions after the age of month i 

Ni Number of items sold (shipped) in the month i 

Ri Number of items returned in the month i 

K Number of shipment periods 

M Number of warranty return periods 

rij Number of items returned in month j from shipment i 
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Gi Reliability of an item at the end of the i
th

 interval (month) 

pi Probability of failure of an item in the i
th

 interval  

η Weibull characteristic life (scale parameter) 

β Weibull shape parameter 

L Likelihood function 

Λ Log-Likelihood function 

D A data set 

J A set of all possible data sets corresponding to an incomplete data 

α Maximum allowed absolute error percentage – a measure of 

accuracy of the proposed method 

θ Set of parameters to be estimated;  For two parameter Weibull 

distribution: θ = {η,β} 

The remainder of the paper is organized as follows: Section 2 discusses the estimation 

methods for analyzing complete warranty data. Section 3 presents the MLE method for 

analyzing complete and incomplete warranty data. This section also discusses the difficulties 

with the traditional MLE method for analyzing the incomplete warranty data. We then present 

the importance and basic concepts of the EM algorithm. Section 4 presents the proposed EM-

based solution for analyzing the incomplete warranty data. Examples for demonstrating the 

proposed solution method will also be provided. Section 5 presents results of simulation 

experiments that are designed to verify the effectiveness of the proposed method. Finally, 

section 6 provides the conclusions as well as directions for future work. 

2.   Complete Data 

The complete failure information from shipping and warranty returns includes number of 

products shipped in each month and the number of returns in each month corresponding to 

each shipment. A warranty returns chart, such as that in Table 1, can be produced from this 

data. 

Table 1: Warranty Returns Chart 

Shipment Returns 

Month Vol. Jan. Feb. Mar. Apr.  May Total 

Jan. 1000 3 9 6 10 6 34 

Feb. 1100 -- 4 10 6 12 32 

Mar. 1240 -- -- 4 11 8 23 

Apr. 1250 -- -- -- 4 11 15 

May  1350 -- -- -- -- 5 5 

Total 3 13 20 31 42  

 

Table 1 is also referred as a Nevada warranty chart (format) or Idaho chart. If the data is 

available in this format, it is easy to convert the shipping and warranty return data into the 

standard failure data form consisting of failures and suspensions. Therefore, it can easily be 

analyzed with traditional failure data analysis methods.  

In this chart, corresponding to each shipment, there will be a certain number of returns or 

failures in the subsequent time periods. For example, the row corresponding to the January 



                  Expectation-Maximization Algorithm for Failure Analysis Using Incomplete Warranty Data                 407   

 

  

shipment indicates that 3 units have failed in that month. Hence, it is equivalent to saying that 

3 units are failed in the first month. Similarly, we can observe 4, 4, 4, and 5 failures in the first 

month from the shipments corresponding to the months from February to May. Therefore, the 

total number of failures corresponding to the first month from all shipments is the sum of main 

diagonal entries in the returns chart, i.e., F1 = 3 + 4 + 4 + 4 + 5 = 20. Similarly, we can find 

the number of failures in the second month by summing the second upper diagonal elements 

in the chart. Hence, F2 = 9 + 10 + 11 + 11 = 41. Extending the same logic, we have: F3 = 20, 

F4 = 22, and F5 = 6.  

Table 1 shows the data collected only up to May. Therefore, the items that survived up 

through May should be considered suspensions (or censored data). However, not all items are 

suspended at the same age. For example, items from the January shipment are in the field for 5 

months. From the January shipment, we have a total of 34 failures, which is the sum of 

warranty returns corresponding to the January shipment row. Hence, 966 components (1000 – 

34) have survived beyond 5 months, i.e., S5 = 966. Using similar calculations, we can find 

suspensions corresponding to other ages (in months): S1 = 1350-5 = 1345, S2 = 1250 – 15 = 

1235, S3 = 1240 – 23 = 1217, and S4 = 1100 – 32 = 1068. Using these failures and suspensions 

at different ages, a failure data set can be created in a standard Weibull format. Because the 

failure in a month can occur anywhere in that month, the data should be represented using an 

interval format as shown in Table 2.  

Table 2: Standard Interval Format Failure Data Set 

Start Time End Time # Failed Event Type 

0 1 20 Failure 

1 2 41 Failure 

2 3 20 Failure 

3 4 22 Failure 

4 5 6 Failure 

1 ∞ 1345 Suspension 

2 ∞ 1235 Suspension 

3 ∞ 1217 Suspension 

4 ∞ 1068 Suspension 

5 ∞ 966 Suspension 

The rows with an Event Type equal to “Failure” indicate the number of failures that have 

occurred between the specified start and end times. For example, the first row indicates that 20 

failures have occurred in the first month, i.e., between zero and one month. The rows with an 

Event Type equal to “Suspension” indicate the number of items have not failed up to the age 

of the start time. Hence, the failures can occur anywhere between the start time and infinity. 

For example, the last row indicates that 966 components have not failed up to the end of 

month five. In commercial software packages, the infinity in the “End Time” field is 

represented using some special symbols. In Relex [16], if End Time < Start Time, then the 

corresponding items are considered to be suspended at the start time.  

The data set shown in Table 2 can easily be analyzed using standard failure data analysis 

techniques. Several software packages are available for analyzing the data given in this 

format. Using the Relex Weibull package [16], we estimated the parameters considering the 
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Weibull distribution and MLE method. The estimated results (in months) are: η = 53.2 and β 

= 1.38. In this paper, the interval format shown in Table 2 will be used for all examples. 

However, it should be noted that the “time to failure/suspension” format is also available. In 

this format, an appropriate time to represent each failure interval must be selected. The mid-

point of the failure interval provides a simple and reasonably accurate representation of the 

interval. Hence, if needed, the data in Table 2 can be represented as in Table 3. Using the data 

in Table 3, the MLE estimates can be obtained:  η = 52.5 and β = 1.39.  

Table 3: Standard Time to Failure/Suspension Format 

Time Number of Events Event Type 

0.5 20 Failure 

1.5 41 Failure 

2.5 20 Failure 

3.5 22 Failure 

4.5 6 Failure 

1 1345 Suspension 

2 1235 Suspension 

3 1217 Suspension 

4 1068 Suspension 

5 966 Suspension 

 

2.1 Some Notes 

• The focus of this paper is to estimate the failure distribution parameters from 

incomplete warranty data. We use the EM algorithm for this purpose. In each 

iteration of the EM algorithm, we estimate the missing data, i.e., number of failures 

in each month corresponding to each shipment. Hence, we can generate the data in 

Table 1. Therefore, we need to know how to estimate the failure distribution 

parameters using Table 1. This is the reason for explaining this conversion process. 

However, if the warranty return data contains exact failure times in days or hours, 

then we should use the “time to failure” format shown in Table 3, which is also 

called the point-by-point format [5, 7, 8].   

• In this paper, we assume that all months (intervals) have the same number of days. 

This is a reasonably acceptable assumption. However, if we want to consider the 

exact days in each month, then we should arrange the data in Table 2 accordingly. In 

such cases, we should represent the time in days as shown in Table 4.  

• Once the data is arranged in a standard failure data format, we can use any estimation 

method. However, the theory of the EM algorithm is developed based on the MLE 

method. Therefore, in this paper, we use the MLE method for estimating the 

parameters.  

• If the amount of failure data available is small, it is important to use confidence 

intervals and adjustments of parameters to produce unbiased estimates. These details 

are available in the standard failure data analysis textbooks. Hence, these details are 

not specifically addressed in this paper.     
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Table 4: Interval Format Considering the Exact Days in Each Month 

Start 

Time 

End 

Time 

# Failed Event 

Type 

Shipment 

Month 

Return 

Month 

0 31 3 F Jan. Jan. 

31 59 9 F Jan. Feb. 

-- -- -- -- -- -- 

0 28 4 F Feb. Feb. 

28 59 10 F Feb. Mar. 

-- -- -- -- -- -- 

31 ∞ 1345 S May -- 

61 ∞ 1235 S Apr. -- 

92 ∞ 1217 S Mar. -- 

120 ∞ 1068 S Feb. -- 

151 ∞ 966 S Jan. -- 

3.   Maximum Likelihood Estimation 

3.1 Complete Data 

For the complete data case, it is straightforward to produce the likelihood function [7, 8]. 

Assume that the data is arranged in N intervals. The start and end times of interval i are ti-1 and 

ti. Hence, the interval is [ti-1, ti]. If the starting point of the first interval is zero, we have: t0 = 0. 

Let NF and NS be the number of intervals corresponding to failures and suspensions. Hence, 

we have: N = NF + NS. For the suspension intervals, the end time is infinity. Let ni be the 

number of failures that occurred in the interval i. Let pi be the probability of occurrence of a 

failure in the interval i. If we know the failure distribution, then we can calculate the values of 

pi. Let Gi be the reliability of each component at time ti. Hence,  
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For the suspensions, the end time is infinity. Hence, 
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Let D be the given data set and θ be the parameter set of the distribution that needs to be 

estimated. For the Weibull distribution, θ = {η, β}. The likelihood function, L, indicates the 

likelihood (chances) of the data D occurring given the parameter set θ. Hence, we have: 
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The maximum likelihood estimates are the values of parameter set θ  that maximize the 

likelihood function. Hence,  
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Maximizing the likelihood function also maximizes the log-likelihood function (Λ). In most 

cases, the log-likelihood function provides a convenient form.  
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3.2 Incomplete Data 

In the majority of warranty return data, information about the ages of component failures is 

not available. In most cases, the information available from each month might be limited to 

the volume of shipments and total claims or product returns. For example, in Table 1, the 

exact number of returns corresponding to each month and shipment combination shown in the 

upper triangular matrix might not be available. Without these details, the data in Table 1 

would be represented as shown in Table 5.  

Table 5: Incomplete Warranty Data 

Month Jan. Feb. Mar. Apr.  May 

Month ID 1 2 3 4 5 

# Shipped 1000 1100 1240 1250 1350 

# Returned 3 13 20 31 42 

 

From the January column, it is easy to say that the 3 returns actually belong to the January 

shipment (Shipment 1). However, in the February column, it is not possible to say how many 

of the 13 returns belongs to Shipment 1 and 2 respectively. It could be any one of the 

following combinations: (0, 13), (1, 12), …, (13, 0). Similarly, the 20 returns in March could 

occur with any one of the following combinations: (0, 0, 20), (0, 1, 19), …, (20, 0, 0). The 

number of possible combinations increases with the number of intervals. It should be noted 

that each complete data set can be viewed as a specific instance of the incomplete data.  

Let rij be the number of returns in month j from the shipment i. If Rj is the total number of 

returns in the month j, then we have: 

                                          ∑∑
==

<===

j

i

ijij

K

i

ijj ijrrrR

11

if0where                                  (8) 

Let qij be the probability that an item shipped in month i will be returned in month j. If all 

months are considered equal in duration, then we have:  

                                                     11 +−−+− −== ijijijij GGpq                                       (9) 

Let si be the number of items from shipment i that have survived up to the end of the 

observation period (M months). These items need to be considered as suspensions. If rij values 
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are known, then we have: 

                                                                         ∑
=

−=

M

ij

ijii rNs                     (10) 

Let gi be the probability that an item shipped in month i will survive up to end of the 

observation period. Then we have:  

                                                                          1+−= iMi Gg                    (11) 

Therefore, the maximum likelihood function for the incomplete data case can be represented 

as [14, 15]: 
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where J represents the incomplete data and D represents each instance of complete data 

corresponding to J. Further, the elements of D should satisfy the following conditions: 
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The direct evaluation of the maximum likelihood function with incomplete data is very 

difficult and impractical, because the number of possible combinations of D ∈ J is huge.   

3.3 Expectation-Maximization (EM) Algorithm 

The EM algorithm is a general iterative approach for finding the ML estimates for parametric 

models when there are no closed-form solutions or the data is incomplete. Specifically, the 

EM algorithm overcomes the exponential explosion associated with incomplete data. Refer to 

[14-15, 17-18] for detailed descriptions of this, its applications, convergence properties, and 

the theoretical background.  

The EM algorithm consists of two easy steps: Expectation step (E-step) and Maximization 

step (M-step). The advantage of the EM algorithm is that it solves a difficult, incomplete data 

problem by constructing two easy steps. In the E-step, we calculate the expected value of the 

missing data using the incomplete observed data. Hence, from the E-step we can obtain an 

expected complete data set. Calculating the expected missing data requires the model 

parameters, but provisional parameters are used as the model parameters in most cases. In the 

M-step, we find the parameters such that the likelihood function corresponding to the 

estimated complete data in the E-step is maximized. Estimating the parameters using the 

(expected) complete data is straightforward. After finding the parameters in the M-step that 

maximize the expected likelihood function, the missing data is updated using the estimated 

parameters. By executing the E-step and the M-step iteratively until the estimated parameters 

converge to certain points, we get the ML estimates for the model parameters. It is 

mathematically proven that the EM algorithm is stable and that it always converges to the 

exact values of the MLE estimates of the incomplete data. In addition, the EM algorithm is 

easy to implement. These features have attracted several research groups, and this method is 

widely applied to several complex and practical applications.  

4.  Incomplete Warranty Data 

We assume that the available incomplete data is shown in Table 5. In the initial step, we 

estimate the parameters using the Exponential distribution. Using shipment volume and the 
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estimated MTBF, we calculate the expected number of failures in each month from each 

shipment. We normalize these values using the observed returns for each month. This 

provides the initial guess of the missing data (E-step). Using this data, we compute the 

Weibull parameters (M-step). Using these parameters, once again we estimate the missing 

data and continue this process until the estimated Weibull parameters are converged. From our 

simulation experiments, we observed that the results converge within 25-50 EM iterations. A 

flow chart of the above procedure is shown in Figure 1, and the algorithm is described in 

section 4.1.  

Stop

Paramters

Converged?

YES

NO

Read:  N
i
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i
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Initial Parameters

MTBF== ηβ ,1
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j

i
ijjijij nRnr

1
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ij
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M-Step: MLE

Using r
ij
 values
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βη,

 
Figure 1: Flow Chart of the Proposed Method 

4.1 EM Algorithm for Incomplete Warranty Data 

1. Assuming exponential distribution, compute the MTBF.   

                                     
NF

TOT
MTBF ==

Failures ofNumber  Total

Time Operating Total
                                     (14) 

where,  

                                                                                ∑
=

=

M

i

iRNF

1

                        (15) 

The items from shipment i are in the field for (M-i+1) months. If there are no failures, 

they all together operate for Ni.(M-i+1) effective months. If there are Rj returns in month 

j, the effective reduction in the operating time is Rj.(M-j+0.5). Hence, we have: 
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2. Set η = MTBF and β = 1. Continue with EM iteration.  

3. E-Step: Estimate the missing data.  

Using the current  η and β values, find the expected number of failures in month j from 

shipment i for all combinations of i and j values. 

1+−= ijiij pNn        (17) 

The pi is defined in equation (3). If the time is measured in months, then ti = i. Find the 

total number of failures that are expected to be failed in month j.  
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       (18) 

Normalize the expected failures based on the observed failures. Now we have the data 

shown in Table 1. 
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EF

n
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4. M-Step: Find the ML estimates for η and β using the estimated failures in E-step, i.e., 

rij values.  

5. Check the convergence: If the current η and β values match with the previous values 

within a prescribed accuracy, stop the iterations. Otherwise, go to E-step (step 3). 

4.2 Example 1: Data from Table 5 

Using equations (14)-(16), we have: MTBF = 154.0688. From equations (17)-(19), we obtain 

the expected number of failures shown in Table 6. 

Table 6: Estimated Warranty Returns Chart (Iteration 1) 

Shipment Returns 

Month Vol. Jan. Feb. Mar. Apr.  May Total 

Jan. 1000 3 6.17 5.95 6.68 6.97 28.77 

Feb. 1100 -- 6.83 6.58 7.40 7.72 28.53 

Mar. 1240 -- -- 7.47 8.40 8.76 24.63 

Apr. 1250 -- -- -- 8.52 8.89 17.41 

May  1350 -- -- -- -- 9.66 9.66 

Total 3 13 20 31 42  

From the first iteration data shown in Table 6, we have: η = 120.763 and β = 1.067. Both 

the values of η and β stabilized to two decimal places after 38 iterations. Accuracy at four 

decimal places is obtained after 69 iterations. The results in Table 7 correspond to 50 

iterations. The MLE estimates at iteration 50 are: η = 53.88 and β = 1.3779. The MLE 

estimates for the complete data shown in Table 1 are: η = 53.203 and β = 1.38. Even though 

the estimated missing data in Table 7 is not exactly matched with the complete data shown in 

Table 1, the final estimated results for η and β almost match. This is because the same set of 

incomplete data can be obtained from several instances of complete data.  
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Table 7: Estimated Warranty Returns Chart (Iteration 50) 

Shipment Returns 

Month Vol. Jan. Feb. Mar. Apr.  May Total 

Jan. 1000 3 7.68 7.82 8.95 9.47 36.92 

Feb. 1100 -- 5.31 7.13 8.73 9.56 30.74 

Mar. 1240 -- -- 5.05 8.15 9.56 22.76 

Apr. 1250 -- -- -- 5.16 7.98 13.15 

May  1350 -- -- -- -- 5.42 5.42 

Total 3 13 20 31 42  

4.3 Example 2: Data from 10 Months 

In addition to the data in Table 5, we obtained the data in Table 8 for the subsequent five 

months. In this example, we use the data from 10 months of shipment and warranty returns. 

Table 8: Incomplete Warranty Data for Subsequent 5 Months 

Month Jun. Jul. Aug. Sep.  Oct. 

Month ID 6 7 8 9 10 

# Shipped 1400 1500 1600 1650 1700 

# Returned 50 63 75 93 109 

The initial MTBF estimate from this data is 136.115. From the first EM iteration, we have: 

η = 121.001 and β = 1.039. Both the values of η and β  stabilized to two decimal places after 

41 iterations. The MLE estimates at iteration 41 are: η = 71.98 and β = 1.257.  

5. Simulation Experiments 

To judge the true power or usefulness of a method, particularly when the input data is subject 

to random variations, the results for various data sets should be compared [19]. Therefore, we 

generated random data sets based on the following settings. 

Failure Distribution: η = 50 and β = 1.5; Shipments: 10 cases as shown in Table 9.  

Table 9:  Shipment Setup for Simulation Experiments 

Shipment # Shipments Shipment Volume 

Case 1 5 10 times to Example 1 

Case 2 5 20 times to Example 1 

Case 3 10 Same as in Example 2 

Case 4  10 5 times to Example 2 

Case 5 10 10 times to Example 2 

Case 6 10 2000 each month 

Case 7  10 5000 each month 

Case 8 10 10000 each month 

Case 9 20 1000 each month 

Case 10 20 2000 each month 

Using simulation, we generated 500 complete data sets for each case of the shipment 

setup. For each of these data sets, we estimated the parameters. In addition, for each data set, 
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we eliminated the details about the exact failure times and created the corresponding 

incomplete warranty data set. For each of these incomplete data sets, we estimated the 

parameters using the proposed EM algorithm. Then we computed the following results for α = 

10% and 20%. 

• X: The percentage of times the estimated parameters for both η and β computed 

using complete data fall within ±α range of the true parameters.  

• Y: The percentage of times the estimated parameters for both η and β computed 

using incomplete data fall within ±α range of the true parameters.  

• Z: The percentage of times the estimated parameters for both η and β computed 

using incomplete data fall within ±α range of the estimates parameters using 

complete data.  

The results are summarized in Table 10.  

Table 10:  Results of Simulation Experiments 

Shipment Details α = 10% α = 20% 

Case Periods Volume X Y Z X Y Z 

1 5 10 times to Example 1 77.4 45.8 49.6 98.4 76.6 83.2 

2 5 20 times to Example 1 91.8 61.2 70.6 99.8 93.2 97.2 

3 10 Same as in Example 2 86.6 58.2 66.6 99.4 89.2 94.6 

4  10 5 times to Example 2 99 79.6 85 100 97.6 100 

5 10 10 times to Example 2 100 92.8 95.2 100 100 100 

6 10 2000 each month 86.6 58.2 66.6 99.4 89.2 94.6 

7  10 5000 each month 97.8 79.8 87.2 100 98 99.8 

8 10 10000 each month 99.4 94 96 100 99.8 100 

9 20 1000 each month 99.8 92.8 97.2 100 100 100 

10 20 2000 each month 100 98.4 99.8 100 100 100 

The experimental results indicate that the proposed method produces accurate results in 

most cases. The accuracy increases with number of observation periods (or shipment 

intervals) and the volume of shipment. When either observation period or shipment volume is 

small, we have insufficient data. In such cases, both complete and incomplete data sets 

produce inaccurate results. Hence, we should expect large deviations in the estimated 

parameters. When the amount of data collected is already small, it is obvious that the results 

will be inaccurate when the data is also incomplete. For example, cases #1 and #2 produce 

large deviations in the estimates because they are observed only for 5 months. When there is 

not enough data, the experimental results indicate that the deviation with the incomplete data 

is approximately twice that of the complete data. However, the results from the incomplete 

data obtained using the EM algorithm is very close to the results obtained using the complete 

data. Therefore, using the EM algorithm, the incomplete warranty data cases can be analyzed 

effectively. However, whenever possible, we should try to obtain the complete data, which is 

always superior to the incomplete data.  

6. Conclusions 

The warranty claims data generally contains incomplete or missing information about 

component failure times. Therefore, it is important to estimate the field failure characteristics 
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from the available incomplete data. In this paper, we proposed an EM-based method that can 

estimate the failure distribution parameters of the product within a reasonable accuracy from 

incomplete warranty data.  

The method proposed in this paper should be applied when the available data is 

incomplete. If the available data is complete, then there is no need to use the proposed 

method. However, our experience shows that, in many cases, it is impossible to know the 

failure ages of components. For the cases where data is missing, the proposed method 

iteratively finds the hidden failure patterns and estimates the parameters of the failure 

distribution. The effectiveness of the EM algorithm is evaluated using several sets of 

incomplete warranty data generated through simulation. The results indicate that the EM 

algorithm is powerful in capturing the hidden failure patterns from the incomplete warranty 

data.  

The EM algorithm can also be applied to other types of incomplete data associated with 

warranty analysis. As a further research work, we plan to apply this method to warranty data 

consisting of unspecified or missing time delays between production, shipment, sales, failure, 

and returns filing. 
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