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Abstract: The paper considers reliability analysis for aging multi-state system where the 

system and its components can have different performance levels ranging from perfect 

functioning to complete failure. Aging is treated as failure rate increasing during system 

lifetime. Reliability measures for multi-state system such as mean accumulated 

performance deficiency, mean number of failures, average availability, etc., are interpreted 

as system performability measures. The suggested approach presents the non-

homogeneous Markov reward model for computation of these reliability measures for 

aging multi-state system under minimal repair. A numerical example is presented in order 

to illustrate the approach. 
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1. Introduction 

    Many technical systems are subjected during their lifetime to aging and degradation. 

After any failure, maintenance is performed by a repair team. The paper considers an 

aging multi-state system, where the system failure rate increases with time. 

Maintenance and repair problems have been widely investigated in the literature. 

Barlow and Proshan [1], Gertsbakh [4], Wang [11] survey and summarize theoretical 

developments and practical applications of maintenance models. Aging is usually 

considered as a process which results in an age-related increase of the failure rate. The 

most common shapes of failure rates have been observed by Meeker and Escobar [10], 

Wendt and Kahle [13]. An interesting approach was introduced by Finkelstein [3], where 

it was shown that aging is not always manifested by the increasing failure rate.           

After each corrective maintenance action or repair, the aging system’s failure rate 

( )tλ  can be expressed as ( ) (0) (1 ) ( )t q q tλ λ λ∗= ⋅ + − ⋅ , where q is an improvement 

factor that characterizes the quality of the overhauls ( 0 1q≤ ≤ ) , ( )tλ∗ is the aging 

system’s failure rate before repair [15].  If  q =1, it means that the maintenance action is 
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perfect (system becomes “as good as new” after repair). If q=0, it means that the failed 

system is returned back to a working state by minimal repair (system stays “as bad as old” 

after repair), in which failure rate of the system is nearly the same as before. The minimal 

repair is appropriate for large complex systems (consisting of many different components) 

where the failure occurs due to one (or a few) component(s) failing. So, the minimal repair 

is usually appropriate for Multi-state Systems (MSS) and in the paper we will deal only 

with MSS under minimal repairs, where q=0. In such situation, the failure pattern can be 

described by non-homogeneous Poisson process (NHPP). Incorporating the time-varying 

failure intensity into existing Markov model was suggested in [12] for reliability modeling 

of hardware/software systems.  More details and interesting examples one can find in 

[14].  Based on this, we suggest in the paper the extended approach, which incorporates 

the time-varying failure intensity of ageing components into Markov reward model that is 

using for general reliability measures evaluation of non-ageing MSS [7]. Such unified 

model will be called as a non-homogeneous Markov reward model.     

In this paper, a general approach is suggested for computing reliability measures for 

aging MSS under corrective maintenance with minimal repair. The approach is based on 

non-homogeneous Markov reward model, where specific reward matrix is determined for 

finding any reliability measure. The suggested approach can be easily implemented in 

practice by reliability engineers. 

2. Model Description 

According to the generic Multi-state System (MSS) model [8], MSS output performance 

G(t) at any instant 0t ≥  is a discrete-state continuous-time stochastic process that takes 

its values from the set  { }1 2
, , ,

K
g g g= …g , G(t)∈ g, where 

i
g  is the MSS output 

performance in state i, i=1,2,…,K. For Markov MSS transition rates (intensities) aij 

between states i and j are defined by corresponding system failure 
ij

λ  and repair 
ij

µ  

rates. The minimal repair is a corrective maintenance action that brings the aging 

equipment to the conditions it was in just before the failure occurrence. Aging MSS 

subject to minimal repairs experiences reliability deterioration with the operating time, i.e., 

there is a tendency toward more frequent failures. In such situations, the failure pattern can 

be described by a Poisson process whose intensity function monotonically increases with t. 

A Poisson process with a non-constant intensity is called non-homogeneous, since it does 

not have stationary increments [4]. It was shown (see, for example, [15]) that NHPP model 

can be integrated into the Markov model with time-varying transition intensities 

( ) ( )
ij ij

a t tλ= . Therefore, for ageing MSS transition intensities corresponding to failures of 

ageing components will be functions of time ( )
ii

a t .  

2.1 Non-Homogeneous Markov Reward Model 

     For non-homogeneous Markov model a system's state at time t can be described by 

a continuous-time Markov chain with a set of states {1, …, K} and a transition intensity 

matrix ( )ija t=a , i,j =1,…,K, where each transition intensity may be the function of time 

t. Kolmogorov differential equations should be solved in order to find state probabilities 

for such a system. For non-homogeneous Markov reward model it is assumed that if the 

process stays in any state i during the time unit, a certain amount of money rii is achieved. 

It is also assumed that each time the process transits from state i to state j an additional 
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amount of money ijr  is achieved. These amounts of money iir  and ijr  are called 

rewards [5]. A reward may also be negative when it characterizes a loss or penalty. Such a 

reward process associated with non-homogeneous Markov system states or/and transitions 

is called a non-homogeneous Markov process with rewards. For such processes, in 

addition to a transition intensity matrix ( )ija t=a ; i , j =1,…, K, a reward matrix ijr=r , 

i , j=1,…, K should be determined [2].  

Let ( )
i

V t  be the expected total reward accumulated up to time t, given the initial 

state of the process as time instant t=0 is in state i. Howard differential equations [6] with 

time-varying transition intensities ( )
ij

a t  should be solved under specified initial 

conditions in order to find the total expected rewards:  

              
1 1

( )
( ) ( ) ( ) , 1, 2,...,

K K
i

ii ij ij ij j
j j
j i

dV t
r a t r a t V t i K

dt
= =
≠

= + + =∑ ∑  
(1) 

In the most common case, MSS begins to accumulate rewards after time instant t=0, 

therefore, the initial conditions are:  

                        (0)=0, 1,2,...,iV i K=  (2) 

If, for example, the state K with highest performance level is defined as the initial 

state, the value VK(t) should be found as a solution of the system (1).  

It was shown in [7] and [9] that many important reliability measures for non-ageing 

MSS can be found by the determination of rewards in a corresponding reward matrix. 

Here we extend this approach for aging MSS under minimal repair. We should remark that 

if repair is not minimal the approach cannot be applied.  

2.2 Rewards Determination for Computation of Different Reliability Measures 

for Aging MSS  

    For an availability computation, we partition the set of states g, into g0, the set of 

operational or acceptable system states, and gf , the set of failed or unacceptable states. 

The system states acceptability depends on the relation between the MSS output 

performance and the desired level of this performance – demand, which is determined 

outside the system. In general case demand W(t) is also a random process that can take 

discrete values from the set { }1
, ,

M
w w= …w . The desired relation between the system 

performance and the demand at any time instant t can be expressed by the acceptability 

function ( ( ), ( ))G t W tΦ . The acceptable system states correspond to ( ( ), ( )) 0G t W tΦ ≥  

and the unacceptable states correspond to ( ( ), ( )) 0G t W tΦ < . The last inequality defines 

the MSS failure criterion. In many practical cases, the MSS performance should be equal 

to or exceed the demand. Therefore, in such cases the acceptability function takes the 

following form: 

                          ( ( ), ( )) ( ) ( )G t W t G t W tΦ = −  (3) 

and the criterion of state acceptability can be expressed as 

                      ( ( ), ( )) ( ) ( ) 0G t W t G t W tΦ = − ≥  (4) 
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Here without loss of generality we assume that required demand level is constant 

( )W t w≡  and all system states with performance greater than or equal to w corresponds 

to the set of acceptable states and all system states with performance lower than w 

correspond to the set of unacceptable states.              

We define the indicator random variable 

                        01,   ( ) ,
( )

0,  .

if G t g
I t

otherwise

∈
= 


 (5) 

The MSS instantaneous (point) availability A(t) is the probability that the MSS at 

instant t>0 is in one of acceptable states: 

                     
0

( ) Pr{ ( ) 1} ( )i

i g

A t I t P t
∈

= = = ∑  
(6) 

where ( )
i

P t  is the probability that at instant t the system is in state i.  

For an aging MSS an average availability is often used. The MSS average availability 

( )A T  is defined as a mean fraction of time when the system resides in the set of 

acceptable states during the time interval [0,T], 

                         ( )
0

1
( )

T

A T A t dt
T

= ∫  (7) 

To assess ( )A T  for MSS, the rewards in matrix r can be determined in the 

following manner.  

• The rewards associated with all acceptable states should be defined as 1. 

• The rewards associated with all unacceptable states should be zeroed as well 

as all the rewards associated with all transitions. 

The mean reward Vi(T) accumulated during interval [0,T] defines a time that MSS 

will be in the set of acceptable states in the case where state i is the initial state. This 

reward should be found as a solution of the system (1). After solving the system (1) and 

finding Vi(t), MSS average availability can be obtained for every 1,...,i K= : 

                           ( ) ( )i i
A T V T T=  (8) 

Usually the state K is determined as an initial state or in another words the MSS 

begins its evolution in the state space from the best state with maximal performance. 

Mean number Nfi(T) of MSS failures during the time interval [0,T], if state i is the 

initial state.  This measure can be treated as a mean number of MSS entrances into the set 

of unacceptable states during the time interval [0,T]. For its computation rewards 

associated with each transition from the set of acceptable states to the set of unacceptable 

states should be defined as 1. All other rewards should be zeroed. In this case the mean 

accumulated reward Vi(T), obtained by solving (1) provides the mean number of entrances 

into the unacceptable area during the time interval [0,T]: 

                           ( ) ( )
fi i

N T V T=  (9) 

Mean performance deficiency accumulated within interval [0,T].  The rewards for 

any state number j in a Markov reward model should be defined as  
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,   0,

0,           0.

j j

jj

j

w g if w g
r

if w g

− − >
= 

− ≤
 (10) 

All transitions rewards ,  
ij

r i j≠  should be zeroed. Therefore, the mean reward 

Vi(T) accumulated during the time interval [0,T], if state i is in the initial state, defines the 

mean accumulated performance deficiency 

                      
0

( ) ( ( ) ( ))

T

i
V T E W t G t dt

  
= − 

  
∫  (11) 

where, E - expectation symbol and (0)
i

G g= . 

Mean Time To Failure (MTTF) is the mean time up to the instant when the MSS 

enters the subset of unacceptable states for the first time. For its computation the non-

homogeneous Markov model should be transformed - all transitions that return MSS from 

unacceptable states should be forbidden, since in this case all unacceptable states should 

be treated as absorbing states.  

In order to assess MTTF for MSS, the rewards in matrix r for the transformed 

performance-demand model should be determined as follows:  

• The rewards associated with all acceptable states should be defined as 1.  

• The reward associated with unacceptable (absorbing) states should be zeroed 

as well as all rewards associated with transitions.  

In this case, the mean accumulated reward Vi(t) defines the mean time accumulated 

up to the first entrance into the subset of unacceptable states or MTTF, if the state i is the 

initial state.  

Reliability function and Probability of MSS failure during the time interval [0,T]. 

The model should be transformed as in the previous case – all unacceptable states should 

be treated as absorbing states and, therefore, all transitions that return MSS from 

unacceptable states should be forbidden. Rewards associated with all transitions to the 

absorbing state should be defined as 1. All other rewards should be zeroed. The mean 

accumulated reward Vi(T) in this case defines the probability of MSS failure during the 

time interval [0, T], if the state i is the initial state. Therefore, the MSS reliability function 

can be obtained as:  

                      ( ) 1 ( ),  1,2,...,
i i

R T V T i K= − =  (12) 

3. Numerical Example 

Consider a multi-state power generating unit with nominal generating capacity 360 KW. 

Corresponding multi-state model is presented in fig.1 and has 4 different performance 

levels: complete failure level (
1

0g = ), two levels with reduced capacity (
2

215g =  KW, 

3
325g =  KW), and level of perfect functioning ( 3604 =g KW). Aging was indicated 

as increasing transition failure rate ( ) 2

42
7.01 0.2189 .t tλ = +  Other failure rates are 

constant: 1

41
2.63yearλ −=  and 1

43
13.14yearλ −= . Repair rates are the following:  

1 1 1

14 24 34
446.9 , 742.8 , 2091.0 .year year yearµ µ µ= = =  The demand is constant w=300 

KW and power unit failure is treated as generating capacity decreasing below demand 
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level w.  The state-space diagram for the system is presented in Figure 1a. In Figure 1b is 

presented the state-space diagram of the system with absorbing state. 

 

 

3

14

0

µ34

g4=360

λ41 +λ42 (t)

g3=325

λ43

w=300

 

Figure 1a:  State space diagram of generating 

system 
Figure 1b:  State space diagram of 

generating system with absorbing state  

 

Based on the state-space diagram in Figure 1a we assess the MSS average 

availability, mean total number of system failures, accumulated mean performance 

deficiency (in this case it will be expected energy not supplied to consumers). Based on 

the state-space diagram in Figure 1b we assess the Mean Time To Failure and Reliability 

function for 5 years time interval.  

According to the state space diagram in Figure 1a the following transition intensity 

matrix a can be obtained: 

                    

( ) ( )( )

14 14

24 24

34 34

41 42 43 41 42 43

- 0 0

0 - 0

0 0 -

t t

µ µ

µ µ

µ µ

λ λ λ λ λ λ

=

− + +

a     (13) 

In order to find the MSS average availability ( )A T  according to introduced 

approach (subsection 2.2) we should present the reward matrix r in the following form 

0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1

=r . (14) 

The system of differential equations (1) must be solved for transition intensity matrix 

(13) and reward matrix (14) under initial conditions ( )0 0,  1,2,3, 4
i

V i= = . The results of 

calculation one can see in Figure 2. Calculation results are presented for two cases: for 
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aging unit with ( ) 2

42
7.01 0.2189t tλ = +  (dash dot line) and for non-aging unit 

where
42

7.01λ = ≡ constant (bold line). 

In order to find the mean total number of system failures Nf(t) we should present the 

reward matrix r in the following form: 

                        

0 0 0 0

0 0 0 0

0 0 0 0

1 1 0 0

=r    (15) 

The system of differential equations (1) must be solved for transition intensity matrix 

(13) and reward matrix (15) under initial conditions ( )0 0,  1,2,3, 4
i

V i= = . The results of 

calculation are presented in Fig.3. Calculation results are presented for two cases: for 

aging unit with ( ) 2

42
7.01 0.2189t tλ = +  (dash dot line) and for non-aging unit 

where
42

7.01λ = ≡ constant (bold line).   
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Figure 2:  Calculation the MSS Average 

Availability 

Figure 3:  Mean Total Number of System 

Failures 

In order to find Accumulated Performance Deficiency we should present the reward 

matrixes r in the following form: 

                         

300 0 0 0

0 85 0 0

0 0 0 0

0 0 0 0

=r    (16) 

The system of differential equations (1) must be solved for transition intensity matrix 

(13) and reward matrix (16) under initial conditions ( )0 0,  1,2,3, 4
i

V i= = . The results of 

calculation are presented in Figure 4. Calculation results are presented for two cases: for 

aging unit with ( ) 2

42
7.01 0.2189t tλ = +  (dash dot line) and for non-aging unit 

where
42

7.01λ = ≡ constant (bold line). 
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For computation of the Mean Time To Failure and the Probability of MSS failure 

during the time interval the state space diagram of generated system should be transformed 

- all transitions that return system from unacceptable states should be forbidden and all 

unacceptable states should be treated as absorbing state. The state space diagram may be 

presented as shown on the Figure 1b. 
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Figure 4:  Accumulated Performance Deficiency 

According to the state space diagram in Figure 1b transition intensity matrix a can be 

presented as follows: 

   

( ) ( )( )
34 34

41 42 43 41 42 43

0 0 0

0 -

t t

µ µ

λ λ λ λ λ λ

=

+ − + +

a  (17) 

In order to find Mean Time To Failure we should present the reward matrixes r in the 

following form: 

0 0 0

0 1 0

0 0 1

=r  (18) 

The system of differential equations (1) must be solved for transition intensity matrix 

(17) and reward matrix (18) under initial conditions ( )0 0,  1,2,3, 4
i

V i= = . The results of 

calculation are presented in Figure 5. 

In order to find Probability of MSS failure during the time interval [0,T] we should 

present the reward matrixes r in the following form: 

                            

0 0 0

0 0 0

1 0 0

=r    (19) 

The system of differential equations (1) must be solved for transition intensity matrix 

(17) and reward matrix (18) under initial conditions ( )0 0,  1,2,3, 4
i

V i= = . The results of 

calculation the MSS reliability function according the formulae (12) are presented in 

Figure 6. 
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From all graphs one can see age-related unit reliability decreasing compared with 

non-aging unit. In the last two figures graphs for mean time to failure and reliability 

functions for aging and non-aging unit are almost the same, because of the fact that first 

unit failure usually occurs within short time (less than 0.5 year according to Figure 5) and 

aging impact is negligibly small for such short period. So, graphs for ageing and non-

ageing MSS cannot be visually separated for these two cases. 
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Figure 5:  Mean Time to Failure Figure 6:  MSS reliability function during the 

time interval [0,T] 

   

4. Conclusions 

1. The non-homogeneous Markov reward model was developed for reliability measures 

computation for aging MSS under corrective maintenance with minimal repair.  

2. For non-homogeneous Markov reward model a method for specific reward matrix 

determination is suggested in order to calculate any different reliability measures for 

ageing MSS.    

3. The suggested approach is well formalized and suitable for practical application in 

reliability engineering. 

4. The numerical example is presented in order to illustrate the suggested approach. 
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