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Abstract: A variety of different management approaches have been devised over time for 

the repair and eventual replacement of equipment within industry.  Common models such 

as Reliability Centre Maintenance and Operational Research Optimal strategies have 

existed for sometime.  They can be successful in achieving management goal, but often 

they lack insight to the underlying process which is often non-monotonic.  A data driven 

risk management approach is described in this paper.  It provides insight into the 

performance of the equipment when subject to maintenance, both repair and 

refurbishment.  It can provide economic replacement times based on the cost of continued 

maintenance.  This is useful for single system, but can become more problematic over a 

series of similar pieces of equipment.  The decision to take action in such circumstances 

will reflect the impact of the action as well as lack of action.  A risk management 

approach based on a 5x5 risk matrix is described.  The zones for action can be defined and 

so the overall strategy defined.  The paper will use the water industry to illustrate 

application of the approach undertaken. 
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1. Introduction 
 

The size of the maintenance budget for infrastructure and equipment in large utilities is 

measured in billions.  For example the water industry alone spent £814 million on capital 

maintenance in 1998/99 [1].  It is therefore crucial to ensure the greatest benefit from 

expenditure whilst providing adequate level of service.  This has led to considerable 

research into management strategies for maintenance.  Operational research has provided 

a wide range of models of optimal preventive maintenance and replacement policies for 

large complex systems see [2] and Christer
 
[3].  Equally a range of alternative strategies 

has been developed such as Reliability Centred Maintenance (RCM), [4].  Here there is a 

focus on identifying the events, which may lead to failure, and exploring their 

consequences and possible maintenance strategy.  The choice of action to take is related 

back to the risk.  There has been considerable debate about the application of such an 

approach since it attempts to evaluate the impact of preventative maintenance (PM). 

 

Models generally assume that one is able to obtain the information on the state of the 

systems, and their failures and so estimate the key parameters. Most models in the 

literature concentrate exclusively on one of the actions – maintenance, repair or 

replacement.   
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Even when allowing for the interaction of event it is assumed that information is well 

documented on both sets of actions, see [5]. One aspect of RCM is the realisation that 

there is a need to evaluate the actions taken and ensure that they are effective in achieving 

the desired goal.  This is clearly not a simple task.  In the RCM formulation the idea is to 

prioritise actions in terms of risk. Yet this differs between safety critical situations with 

Kant’s moral imperative and those situations driven by economic issues.  In this paper the 

prime interest is in economic management. 

The consideration of maintenance, repair and replacement means that the underlying 

process suffers from deterioration.  There is therefore a need to model this underlying 

process effectively to gain insight and so be able to evaluate it and decide on the 

appropriate actions.  Ansell et al [6] suggested a data driven approach, based on Cox’s 

Proportional Hazard Model, [7,8], and kernel smoothing,, see [9].  The approach, which 

will be described later in the paper, has been applied to water industry.  A common feature 

in the application was the cyclic behaviour of many processes, in which a new system 

would deteriorate and then be rejuvenated by overhaul.  The cycle might be repeated until 

eventually the system would be replaced. 

Based on this model Ansell, Archibald and Thomas [10] developed an optimal 

maintenance strategy using a discrete time stochastic dynamic programming formulation.  

This was applied to processes within the water industry.  A feature that was highlighted in 

the application was the importance of obtaining good quality accounting information.  

Hence Archibald et al [11] explored the sensitivity of the accounting information.   

 

2.     Risk  

 

In engineering it is accepted that risk of an event can be described in terms of probability 

of the event and its consequence.  This can be described in the risk matrix, see Figure 1, 

where the axes are consequence and frequency, though often it is summarised as 

multiplication of frequency and consequence to obtain the Societal Risk.  If exploring a 

safety critical context Societal Risk can be expressed in terms of fatal accident rate, 

expected number of deaths associated with the risk.  Alternatively in other contexts it can 

be expressed as a monetary value.  This needs the determination of the costs associated 

with impact.  In some schemes it is possible to introduce a costing for human life, though, 

this often leads to debate. 

 

 Frequency 

Low/High    High/High 

     

     

     

Consequence 

Low/Low    High/Low 
 

Fig. 1: Risk Matrix 

 

Some approaches are based solely on the use of the risk matrix.  Priority for action 

would be based on where the events fell in the risk matrix, the closer to the top right-hand 

corner of the matrix the higher the priority.  The simplest model would be a one-cell 

model with cut-offs in terms of frequency and consequence thresholds.  This may be 

consistent with an As Low as Reasonably Practical (ALARP) process or a Tolerability of 

Risk (ToR) approach, if dealing with safety critical risks, by choice of appropriate cut-off.  
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If larger range of cells is selected the decision process can be more complex and less 

consistent with ALARP and ToR. 

If one restricts interest to solely economic risk, or monetary valued life models, then 

it is assumed the consequences can be encapsulated by the costs.  The difficulty is finding 

the appropriate cost values for any event.  The estimation of probabilities has always been 

easier than the consequences, and this is particularly true when trying to obtain monetary 

values.  Even basic costing of actions can be problematic within management accounting 

systems.  If it is possible to attach realistic values to both actions and consequences then 

progress can be made towards obtaining the risk measure to allow prioritisation.  In this 

paper it is acknowledged that it is difficult to obtain precise costing values and the 

suggestion is that sensitivity analysis is employed to test the models to ensure their 

robustness.   

Even in the economic model there may be overriding requirements to consider events 

with high impact even when the probability is reasonably low.  In the water industry loss 

of supply or degradation of supply to a wide range of customers may be deemed 

unacceptable.  In specific contexts it may be that there is a service level agreement, which 

can translate such occurrences into monetary value. 

In this paper the prime interest within the water industry is on equipment and not 

structures.  Hence the interest is focussed on economic risk rather than safety critical risk.  

The concern is minimising overall costs, and this is deemed to be achieved if maintenance 

costs can be effectively reduced whilst still achieving acceptable level of performance. 

 

3.     Estimating Behaviour 

 

In the UK a price mechanism is used to regulate privatised monopolistic utilities.  In the 

water industry this means that the charges water companies levy can be in real terms cut 

whilst they are required to enhance their delivery.  In such circumstances the water 

companies must be able to make savings and clearly the maintenance budget comes under 

pressure.  There is a need to develop models, which can highlight efficiency savings. 

The first stage will be to estimate the performance of the underlying maintenance 

process.  A brief review of the approach now will be given.  Further details can be found 

in [6, 10, 11, 12].  It is best described as a two-stage process.  Given that the processes 

under study are subject to differing operating conditions there is a need to account for the 

differences so that the data can be combined to obtain the underlying rate of unplanned 

maintenance events.  The specific formulation of Cox regression used is based on [13].   

λ(t:x) = λ0(t) exp{a′xi}                                                (1) 

where λ0(t) is the base rate assumed common to all systems and a is a set of parameters 

associated with the covariates, xi.  These covariates describe the differences between the 

systems.  The estimates of a can be obtained using partial likelihood as suggested by Cox 

[8].  With a estimated it is possible then to obtain the instantaneous estimates of the 

underlying base rate at time ti by 1/∑exp {a′xj} where the summation is over the set of all 

systems in operation at ti.   

Unlike Lawless and Nadeau, however, the underlying rate is not assumed to be 

described by a parametric or step function, rather it is assumed to be an unknown 

continuous function.  This leads to the second stage.  The estimated instantaneous rates 
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can be smoothed to provide a continuous underlying rate of unplanned maintenance 

interventions. The contribution of the breakdown at time ti to the rate at t* would be  

{ } ( )∑ ∈
′−−

iRj ji hhtt }exp{2)2(*)(exp 222 xaπ                        (2) 

where Ri is all the systems in operation at ti and h is the smoothing coefficient.  The rate at 

t* would then be the sum of all the contributions at ti, i=1, …, n, which would be 

 

{ } ( )∑ ∑ ∈
′−−=

i it Rj ji hhttt }exp{2)2(*)(exp*)( 222 xaπλ              (3) 

 

The selection of h can be achieved either by inspection or alternatively through 

theoretical considerations, see [9]. 

It is not necessary that all systems be functioning at any time.  The data in application 

was observed over a limited period of 4 years.  Hence during the study period the systems 

will be of different ages, some may have been recently commissioned others will be 

coming to the end of their natural life.  The number of systems in operation at any one 

time will vary.  The outcome of the analysis will be a point and interval estimate for the 

covariates and an estimate of the underlying base rate of the unplanned maintenance 

procedure. 

 

4.     Obtaining the Optimal Strategy 

 

Following Kijima [14] the underlying failure rate for a system can be described by three 

parameters (x, t1, t2) where x are the covariates of the system, t1 is the operating age of the 

system and t2 is the virtual age of the system, see Figure 1.  The difference between t1 and 

t2 is that a maintenance intervention may have occurred which may have led to the system 

being rejuvenated.  The effect of the rejuvenation is to produce a virtual age of the system, 

say t2, t2<t1.  In Figure 2 q represents the reduction in failure rate due to rejuvenation.  

This is equivalent to reducing the age of the system by δ. Before the first maintenance 

intervention the virtual time is equal to the operating time, t2 = t1, and after this 

intervention, the virtual age is equal to the operating age minus the time equivalent to the 

rejuvenation, δ, t2 = t1 – δ. 

The system itself will eventually be replaced.  This usually occurs when the rate of 

maintenance events passes through some economic threshold.  The threshold is often 

represented as a horizontal line, though, in practice it is unlikely to be horizontal, due to 

discount rate.  The choice to make as the rate passes through the threshold is either to 

refurbish or replace 

Using a discrete time version of the model to describe the degradation of the system 

the features of the optimal combined maintenance, repair and replacement policy for the 

system can be obtained.  In this section we use a stochastic dynamic programming 

approach to identify these features. 

If no action is performed on an operational system in state (x, t1, t2) then at the next 

time period the system will be in state (x, t1 +1, t2+1) and will either still be operational or 

will have failed.  The discrete-time rate of unplanned maintenance events for a system in 

state (x, t1, t2) is exp(a′x) λ0(t2), and this gives the probability that the system will fail 

during the next period.  We assume that λ0(t) is non-decreasing in t, so that the probability 

of a system failure is non-decreasing in the virtual age of the system. 
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Fig. 2: Operating age, t1, and virtual age, t2, of System 

 

Alternative actions available for an operating system are to perform preventive 

maintenance or preventive replacement.  The cost of preventive maintenance is C.  The 

maintenance is assumed to be instantaneous and its effect is to transform the system into 

state (x, t1, m(t1, t2)).  Thus t2 – m(t1, t2) is the “rejuvenation” in age that the maintenance 

induces.  It is assumed that the effect of this rejuvenation wears off with both the 

operating age and the virtual age of the system, so m(t1, t2) is assumed to be non-

decreasing in t1 and t2 separately.  We also assume that m(t1, t2) ≥ 0, so that the virtual age 

of the system will always be non-negative.  The cost of preventive replacement is P.  The 

new system will be in state (y,0,0) with probability p(y), where y can be a new set of 

covariates.  This models the possibility that the new system will not have the same 

characteristics as the old one, but otherwise will be aged 0. 

If the system is in state (x, t1, t2) and has failed, then two actions are possible.  The 

system can be repaired at a cost F.  Repair is instantaneous and after repair the system is 

in state (x, t1, n(t1, t2)).  We assume that the effect of a repair on the system is no greater 

than the effect of preventive maintenance, so that n(t1, t2) ≥ m(t1, t2).  One would expect 

the repair to be less effective as the operating and virtual ages of the system increase, so 

we assume that n(t1, t2) is non-decreasing in t1 and t2 separately.  The failed system can 

also be replaced at a cost R.  Failure replacement has the same effect on the system as 

preventive replacement, a move to state (y,0,0) with probability p(y). 

We assume R > P > F > C > 0, since a failure replacement costs more than preventive 

replacement which is more costly than a failure repair which in turn costs more than 

preventive maintenance.  Let V(x, t1, t2) be the expected infinite horizon discounted cost 

for running the system under the optimal maintenance, repair  and replacement policy if 

the system is currently in state (x, t1, t2).  If we assume the discount factor each period is 

β, standard dynamic programming approaches [15] show that V satisfies the following 

optimality equation. 

 

t1  Operating Age 

q 

δ 

Number of 

Unplanned  

Maintenance 

Events  
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This allows the ability to find optimal solution given the assumptions made. 

 

5.    Rapid Gravity Filter 

 

The Rapid Gravity Filter (RGF) is used to clean water using a separating media.  Within 

the water company there will be many such processes distributed across a wide number of 

sites.  Data about the RGF comes from two sources.  The record of unplanned 

maintenance actions and repairs came from a maintenance database and the information 

on throughput and design aspects for sites came from a survey.  The maintenance data 

provided the time and duration of each event.  The site survey information was primarily 

used as covariate information.   

The details of the estimation results have been reported in [6, 12] and in this section 

they will be covered briefly.  In the current analysis the covariates considered were the 

maximum flow of water through the process, the average flow, whether the process was 

fit for purpose and whether it was performing adequately.  Their coefficients were 

0.018594, –0.03575, –0.76886 and –1.09781 respectively.  Using asymptotic results they 

all were deemed significant and rational. 

Whilst the covariate analysis is important, the main focus of the analysis is to estimate the 

underlying form of the rate of unplanned maintenance events (‘failure rate’) curves, for 

the number of unplanned maintenance events.  Figure 3 presents the estimate of this curve 

as the solid line.  (No account has been taken of the end effect which may be significant). 

There are fortunately no gaps in the lifecycle of the RGF due to lack of observations over 

the time period considered. As can be noted the curve initially rises then decreases and 

rises again.  This cyclic behaviour is thought to be due to major preventive maintenances.  

These occur when the media layer fails.  When the media layer is to be replaced an 

opportunity is then taken to refurbish the pipe work and overhaul other aspects of the 

process. 

In a previous paper the author, [12], discussed the impact of the preventative 

maintenance on the system.  In order to do this they fitted Cox and Lewis’s formulation of 

the NHPP, [16], to the early part of the data where there was supposed to be no 

preventative maintenance, this is shown as a broken line on the graph.  This was 

extrapolated and compared with the observed difference.  A naïve estimate of the cost 

savings can then be obtained for the effect of preventative maintenance represented by the 

shaded area in Figure 3.  (The estimate was naïve since it assumed no change in the 

estimated rate of NHPP assuming no preventative maintenance.)  From the estimate 

though it was possible to see the benefit derived from the preventative maintenance. 
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Fig. 3: Estimate of underlying ‘failure rate’ curve for Rapid Gravity Filter, rate per day over 

12000 days 

 

In [10] the above model was simplified to explore the optimal maintenance policy for 

RGF’s baseline hazard function. The baseline hazard rate for a system in state (t1, t2) is 

taken to be ( )2t000176.080783.2

20 10Exp1)t(h
+−−= .  Given the use of the baseline function 

then V(x, t1, t2) will not depend on x and so it can be expressed as V(t1, t2).  A repair is 

assumed to restore the system to an operational state, but to have no effect on the 

operating age of the system (n(t1, t2) = t2).  It is assumed that preventive maintenance can 

reduce the operating age of the system by up to 4,500 days.  Hence  



 ≤

=
otherwise    4500 - 

4500 if                0
),(

2

2

21
t

t
ttm                                     (5) 

The relative costs were assumed to be C = 1 are F = 2, P = 4 and R = 5 and discount 

factor taken to be 0.995.  

The optimal preventive maintenance/repair/replacement policy achieves a minimum 

cost of 1.319.  The policy requires that preventive maintenance should be instigated 

whenever the operating age of the system is 3,280 days and to repair the system on failure. 

 

6.    Cost Sensitivity 

 

Archibald, Ansell and Thomas [11] carried out sensitivity analysis on the costings and 

discount factor.  It established that the discount factor had little effect with relatively little 

change in the time to preventative maintenance for a large change in the interest rate.  

They also investigated relative changes in the prices focusing on minimum cost and 

optimal time for preventive maintenance.  It was clear that changes in C and F have the 
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more major impact, while apparently changes in P and R have little effect, see Figure 4.  

Unsurprisingly the minimum cost rises for increases in C and F, also the time of PM rises 

if C increases and falls as F increases.  An explanation of the above results is that 

preventive maintenance is so effective that the number of unplanned maintenance events 

never passes through the threshold for replacement or that it does so after such a long time 

that the discount factor effectively reduces the cost to zero.  One reason for this occurring 

is that the effect of maintenance activity is too good. 

 

 
Fig. 4: Graph of Minimum cost as C, F, P and R are perturbed by 0.2. 

 

The model derived for impact of maintenance was from the observed performance, 

yet it is still possible the actual model used was inappropriate.  Archibald, Ansell and 

Thomas [11] considered three alternative models, which were consistent with the 

observed behaviour.  As far as the minimum cost and time to preventive maintenance is 

concerned then there is little difference in the models.  This suggests insensitivity to 

choice of model within the range considered.  The major difference between the models is 

that the alternatives have a finite time for the preventive replacement.  The time for 

preventive replacement for the original model is due in part to the curtailment of the 

process whereas for the other models it becomes economic to preventively replace earlier.  

This could be interpreted that in the original the preventive repair is so effective 

preventive replacement does not really become worthwhile.  When the impact of 

preventive maintenance decreases over the time domains then preventive replacement 

does become worthwhile.  It is therefore necessary to understand the impact that 

maintenance will have on the system, especially how the impact may change over time.  

Hence it is important that one explores the impact of maintenance of the system. 

 

7.    Further Work 

 

The focus of the paper has been on the initial development of an approach relating 

maintenance actions to economic risk.  The approach has been used within the UK water 

industry.  The approach needs further refinement of application to achieve the desired goal 

of providing a comprehensive strategy.  For example it has only considered sensitivity to 
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0.6 1.201 1.099 1.31887 1.31889

0.8 1.266 1.21 1.31887 1.31889
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facets of the model and has not explored other factors which may impact upon 

maintenance regimes within the organisations.  These other aspects may be nature of 

competition for recourses within the organisation as well as aspects of the management of 

information flow within the organisation that may impact on maintenance strategies.  The 

latter aspect was investigated by Ansell and Smart [17].  These will form the basis for 

future work. 

 

8.    Conclusion 

 

The paper addresses the issue of economic risk within privatised monopolistic utilities.  

The aim is to minimise the cost of maintaining the system.  This requires effective 

maintenance strategies to be developed.  The crux of any such strategy is that the 

underlying system is well encapsulated.  The approach taken is data driven to reflect the 

behaviour of the system.  By using stochastic dynamic programming the ‘optimal’ 

strategy can be derived for each piece of equipment.  Yet this optimal strategy is based on 

assumptions made about the costings and impact of replacement.  Using sensitivity 

analysis it is possible to explore the robustness of the strategy developed for equipment.  

General guidance can be given on the effectiveness of the maintenance.  It is possible to 

assess the value of the maintenance and hence decide whether it is appropriate or not.  It is 

also possible to provide an economic prioritisation of the equipment to decide where the 

best investment decisions for maintenance can be made.  Obviously the results do depend 

to some extent on aggregate values, yet these may provide sufficient insight to have an 

impact on the overall economic risk. 
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