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Abstract: Many real life systems such as manufacturing, telecommunication, computers, 

and urban traffic systems can be modeled as capacitated-flow networks. The reliability and 

unreliability are two important indices to measure the quality level for a capacitated-flow 

network. For a multiple commodity (different types of commodity) capacitated-flow 

network with unreliable nodes, the arcs and nodes all have several possible capacities and 

may fail. Different types of commodities that are transmitted through the same network 

simultaneously compete for the available capacities of arcs and nodes. In this paper, we 

first define the system capacity as a vector composed by the capacity of each component 

(arc or node). Then we propose a performance index, which is the probability that the 

upper bound of the system capacity equals a given pattern, subject to the budget constraint. 

The performance index can be applied to evaluate the quality level for such a network. A 

simple algorithm based on minimal cuts is thus presented to evaluate the performance 

index. 

 
Keywords: Reliability, minimal cut, capacitated-flow networks, multiple commodity, 

unreliable nodes, budget constraint. 

 

1 Introduction 

Many real life systems such as manufacturing, telecommunication, computers, and urban 

traffic systems can be modeled as flow networks. From the quality management and decision 

making view point, it is an important issue to define the system capacity and then to develop 

related indices in order to evaluate the system performance. Under the condition that the arc 

capacity is deterministic, the system capacity in a single-commodity case is the maximum 

flow from the source node to the sink node. However, the arc capacity should be considered as 

stochastic because the arc can be subjected to failure, maintenance, etc. Such a network is 

called a single-commodity capacitated-flow network (SCFN). Hence, its system capacity is 

not a fixed number. Without budget constraint, several authors [12, 13, 22-24] presented 

algorithms to evaluate the system reliability, the probability that the lower bound of the system 

capacity equals the demand d, for perfect nodes case. Jane et al. [10], Lin [18] and Yeh [25] 
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used minimal cuts (MCs) to generate d-MCs in order to evaluate the system unreliability, the 

probability that the upper bound of the system capacity equals d, for perfect nodes case. A MC 

is a set of arcs whose proper subsets are no longer cuts, and a d-MC is a maximal capacity 

vector meeting the demand d exactly. Lin [19] extended the unreliability problem to unreliable 

nodes case. The system reliability and unreliability are performance indices to measure the 

quality level for a SCFN. 

Moreover, in a multicommodity capacitated-flow network (MCFN), multiple types of 

commodity are transmitting from the source to the sink simultaneously. A broadband computer 

network is a MCFN in which multicommodity (audio files, video files, etc.) share the 

bandwidth (capacity) simultaneously. Traditionally, the multicommodity maximum flow 

problem [3, 5, 6, 8, 9, 11] is to find the maximal total flow with arc-capacity constraints under 

the assumption that each arc capacity is deterministic. For a MCFN subject to the budget 

constraint, Lin [15, 17] evaluated the probability that the lower bound of the system capacity 

equals to a given pattern. 

In this paper, we concentrate on a MCFN with unreliable nodes subject to a budget 

constraint. A cut is a set of arcs and nodes the removal of which will disconnect s and t. And 

an MC is a set of arcs and nodes whose proper subsets are no longer cuts. The conventional 

performance indices designed for a SCFN are not suitable for a MCFN. Since they neglect 

consumed capacity of each type of commodity. Hence, in section 3, we propose a new 

performance index, the probability that the upper bound of the system capacity equals to a 

given pattern subject to the budget constraint. An algorithm in terms of MCs is presented in 

section 4 to evaluate the proposed performance index. An example is shown in section 5 to 

illustrate the proposed algorithm and how to compute the performance index. Time 

complexity and storage complexity of the proposed algorithm are both analyzed in section 6. 

2 Assumptions and nomenclatures 

G ≡ (A, N, M) denotes a MCFN where A ≡ {ai|1 ≤ i ≤ n} the set of arcs, N ≡ {ai|n + 1 ≤ i ≤ n + 

q} the set of nodes except for the source s and the sink t, and M ≡ (M1, M2, …, Mn+q) with Mi 

the maximal capacity of ai. The current capacity of the component (arc or node) ai is denoted 

by xi taking values from {0, 1, 2, …, Mi}. The vector X ≡ (x1, x2, …, xn + q) is utilized to denote 

the capacity vector. Let wk (a positive integer) depending on commodity k denote the 

consumed amount of capacity on each component per commodity k, k = 1, 2, …, p. The 

MCFN is required to further satisfy the following assumptions: 

1. Without loss of generality for wk, wp ≥ wp – 1 ≥ … ≥ w1.  

2. All types of commodities are transmitted from s to t. 

3. The capacities of different components are statistically independent. 

4. The flows in G must satisfy the flow-conservation law [5]. That is, no flow is disappeared 

during the transportation.  

Comparison of vectors is performed as follows: 

X ≤ Y means that xi ≤ yi for each i = 1, 2, …, v (v = p, n + q) where X = (x1, x2, …, xv) and Y = 

(y1, y2, …, yv). 

X < Y means that X ≤ Y and xi < yi for at least one i. 
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3 A MCFN structure 

The flow through the MCFN can be performed by using the MCs. Suppose that K1, K2, …, Km 

are m MCs where Kr = {ar1, ar2, …, 
rrna } and nr is the number of components in Kr. The 

vector Fr = ( 1

rF ,
2

rF , …,
p

rF ) is called a flow vector where 
k

rF  = (
k

rf 1
, 

k

rf 2
, …, k

rnr
f ) with 

k

rjf  denoting the flow of commodity k through arj, j = 1, 2, …, nr, k = 1, 2, …, p. The vector 

Fr is feasible under the capacity vector M = (M1, M2, …, Mn + q) if 

∑
=

p

k

k

rjk fw
1

 ≤ Mrj  for j = 1, 2, …, nr.    (1) 

Similarly, the flow vector Fr is feasible under the capacity vector X = (x1, x2, …, xn + q) if 

∑
=

p

k

k

rjk fw
1

 ≤ xrj  for j = 1, 2, …, nr.    (2) 

 

Under the capacity vector X, the MC Kr is said to support the demand (d1, d2, …, dp) if 

there exists an Fr feasible under X such that 

∑
=

rn

j

k

rjf
1

= dk  for k = 1, 2, …, p,     (3) 

where dk is the required amount of commodity k, k =1, 2, …, p. Under X, Kr is said to support 

at most (d1, d2, …, dp) (i.e., Kr supports (d1, d2, …, dp) but cannot support any (d1
’
, d2

’
, …, dp

’
) 

with (d1
’
, d2

’
, …, dp

’
) > (d1, d2, …, dp)) if Kr supports (d1, d2, …, dp) and there exists no Fr 

feasible under X such that  
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The capacity vector X is said to support (d1, d2, …, dp), if under X, all MCs support (d1, 

d2, …, dp). Furthermore, X is said to support at most (d1, d2, …, dp), if under X, all MCs 

support (d1, d2, …, dp) and at least one MC supports at most (d1, d2, …, dp). In the MCFN, the 

system capacity Ψ(X) under X is defined to be (d1, d2, …, dp), if X support at most (d1, d2, …, 

dp). 

The purpose of this paper is to evaluate the probability that the upper bound of the system 

capacity equals (d1, d2, …, dp) subject to budget constraint B. That is, we try to evaluate the 

performance index B, d, , dd P
θ ),( 21 …  ≡ Pr{X|Ψ(X) ≤ (d1, d2, …, dp) and C(X) ≤ B} where C(X) 

≡ ∑
+

=

qn

i

ii xc
1

 the total cost under the capacity X with ci as the cost per unit of capacity on ai. 
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However, it is not a wise way to enumerate all above X if the network is large. It will be more 

efficient to compute B, d, , dd P
θ ),( 21 …  if all maximal vectors in {X|Ψ(X) = (d1, d2, …, dp) and 

C(X) ≤ B} can be generated in advance. A (d1, d2, …, dp;B)-MC is defined as a maximal 

capacity vector X meeting the demand (d1, d2, …, dp) exactly subject to the budget B. Then the 

capacity vector X is a (d1, d2, …, dp;B)-MC if 

i) Ψ(X) = (d1, d2, …, dp), 

ii) C(X) ≤ B, and 

iii) Ψ(Y) > (d1, d2, …, dp) or C(Y) > B for any capacity vector Y with Y > X.  

Hence, the set of (d1, d2, …, dp;B)-MCs is the set of maximal vectors in {X|Ψ(X) = (d1, d2, …, 

dp) and C(X) ≤ B} and also the set of maximal ones in {X|Ψ(X) ≤ (d1, d2, …, dp) and C(X) ≤ B}. 

If X1, X2, ..., Xu are (d1, d2, …, dp;B)-MCs, let Ui = {X|X ≤ Xi} for i = 1, 2, …, u. Thus, the 

performance index B, d, , dd P
θ ),( 21 …  can be computed in terms of all (d1, d2, …, dp;B)-MCs as 

follows, 

Pr{X|Ψ(X) ≤ (d1, d2, …, dp) and C(X) ≤ B} 

= Pr{X|X ≤ Xi for a (d1, d2, …, dp;B)-MC Xi} 

= Pr{U1 ∪ U2 ∪ …∪ Uu}.       (5) 

It can be computed by using methods such as inclusion-exclusion [7, 14-19], disjoint subsets 

[14, 15, 22] and state-space decomposition [10, 12, 13]. Note that Pr{Y ≤ X} = Pr{y1 ≤ x1} × 

Pr{y2 ≤ x2} × … × Pr{yn + q ≤ xn + q} by assumption 3 if Y = (y1, y2, …, yn+q). 

4 Theory 

Lemma 1 shows a necessary condition for a (d1, d2, …, dp;B)-MC. 

Lemma 1: For each (d1, d2, …, dp;B)-MC X, there exists a Kr = {ar1, ar2, …, 
rrna } and an Fr 

= (
1

rF , 
2

rF , …, 
p

rF ) with 
k

rF  = (
k

rf 1 , 
k

rf 2 , …, 
k

rnr
f ), k = 1, 2, …, p, such that 

∑
=

rn

j

k

rjf
1

= dk  for k = 1, 2, …, p,     (6) 

and 
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  (7) 

Proof: (i) Suppose to the contrary that (xrj – ∑
=

p

k

k

rjk fw
1

) ≥ w1 for a component arj. Then the 

flow vector 
'

rF  = (
'1

rF ,
'2

rF , …,
'p

rF ) with 
'1

rjf  = 
1

rjf  + 1 and 
'k

rlf  = 
k

rlf  for others 
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is feasible under X since ∑
=

p

k

k

rjk fw
1

'
 = ∑

=

p

k

k

rjk fw
1

 + w1 ≤ xrj and ∑
=

rn

j

rjf
1

'1  = ∑
=

rn

j

rjf
1

1  + 1 = d1 

+ 1. This contradicts the fact that X is a (d1, d2, …, dp;B)-MC. (ii) If xi ≤ Mi – 1 for an ai ∉ Kr, 

then X1 = (x1, x2, …, xi + 1, …, xn + q) with X1 > X supports at most (d1, d2, …, dp). This is a 

contradiction. 
���� 

With respect to each Kr, we generate the X via equation (7) for each flow vector Fr 

satisfying constraint (6). For each arj ∈ Kr, xrj supports at most (
1

rjf , 
2

rjf , …, 
p

rjf ). The 

components in Kr play the roles as the parallel bridges in transportation. Hence, Kr supports at 

most (∑
=

rn

j

rjf
1

1 ,∑
=

rn

j

rjf
1

2 , ..., ∑
=

rn

j

p

rjf
1

) = (d1, d2, …, dp). That is, such an X supporting at most (d1, 

d2, …, dp) and meeting C(X) ≤ B is a candidate of (d1, d2, …, dp;B)-MC. Let Ω be the set of 

such candidates. Apparently, Ω ⊂ {X|Ψ(X) = (d1, d2, …, dp) and C(X) ≤ B}. Lemma 1 implies 

that Ω contains all (d1, d2, …, dp;B)-MCs. Theorem 1 further shows that Ωmax ≡ {X|X is 

maximal in Ω} is the set of (d1, d2, …, dp;B)-MCs. 

Theorem 1: Ωmax is the set of (d1, d2, …, dp;B)-MCs. 

Proof: Suppose that X is a (d1, d2, …, dp;B)-MC but X ∉ Ωmax. Lemma 1 shows that X ∈ Ω. 

Then there exists a Y ∈ Ωmax such that Y > X (Y supports at most (d1, d2, …, dp)), which 

contradicts the fact that X is a (d1, d2, …, dp;B)-MC. Hence X ∈ Ωmax. 

Conversely, suppose that X ∈ Ωmax but it is not a (d1, d2, …, dp;B)-MC. Then Ψ(X) = 

(d1, d2, …, dp) and there exists a (d1, d2, …, dp;B)-MC Y such that Y > X. Lemma 1 says that Y 

∈ Ω, which contradicts the fact that X ∈ Ωmax. Hence X is a (d1, d2, …, dp;B)-MC. 

���� 

5 Algorithm 

All (d1, d2, …, dp;B)-MCs can be generated by the following steps:  

Step 0. Set Ω ← φ, w ← 0, I ← φ and Ωmax ← φ. 

Step 1: (to generate Ω = {(d1, d2, …, dp;B)-MC candidates}) 

1.1 ) for r = 1 to m 

1.2)   find all flow vectors Fr satisfying constraint (8) and (9), 

 

∑
=

p

k

k

rjk fw
1

 ≤ Mrj for j = 1, 2, …, nr,    (8) 

∑
=

rn

j

k

rjf
1

= dk  for k = 1, 2, …, p.     (9) 

1.3)   Transform Fr into X via equation (10) 
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1.4)   if  

∑
+

=

qn

i

ii xc
1

≤ B,       (11) 

1.5)    then w ← w + 1, Xw ← X, and Ω ← Ω ∪ Xw 

1.6) r ← r + 1 

Step 2: (to generate Ωmax = {(d1, d2, …, dp;B)-MCs}) 

2.1) for i ← 1 to w 

2.2)   if i ∉ I 

2.3)    then z ← 0 

2.4)   for j ← i + 1 to w 

2.5)    if j∉I and if Xj ≥ Xi 

2.6)     then I ← I ∪ {i}, j ← w + 1, and z ← 1 

2.7)    eles if Xi > Xj 

2.8)     then I ← I ∪ {j} 

2.9)   j ← j + 1 

2.10)   if z = 0 

2.11)    then Ωmax ← Ωmax ∪Xi 

2.12) i ← i + 1 

 

As in Ref. [10, 18, 19, 22, 25] we assume that all MCs have been determined in advance. All 

MCs can be efficiently derived from the algorithm discussed in Ref. [2, 4, 21]. 

6 An illustrative example 

We use a two-commodity (i.e., p = 2) example to illustrate the proposed approach. Fig. 1 

shows an international trade network. 

 

 

 

 

 

 

 

 

 

 

Figure 1: A trade route network 

 

An importer-exporter agent would like to transmit 30-inches LCD-TV (commodity 1) and 

s t 

a1 

a3 

a6 

a4 

a2 

a5 Taipei Shanghai 

a7: Tokyo 

a8: Hong Kong 
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37-inches LCD-TV (commodity 2) from Taipei to Shanghai. All commodities are loaded into a 

same type of container by cargo ship. The capacity of each component is stochastic because 

either containers or traffic tools through each component may be in maintenance, reserved by 

other agents. One unit of commodity means 120 commodities of a same type. The 

importer-exporter agent wants to have its 2 units of 30-inches LCD-TV and 2 units of 

37-inches LCD-TV (i.e., d1 = 2 and d2 = 2) to be transported from s to t. Hence, one unit of 

commodity 1 (resp. 2) consumes 1 (resp. 2) container, i.e., w1 = 1 (resp. w2 = 2). The 

component data are shown in Table 1.  

 

Table 1: The data of nodes and arcs for Figure 1  

Component Capacity Cumulative Probability cost α1 α2 

a1 4 1.00 120   

 3* 0.50    

 2 0.30    

 1 0.20    

 0 0.10    

a2 3 1.00 100   

 2 0.40  1 2 

 1 0.20    

 0 0.10    

a3 3 1.00 80   

 2 0.40    

 1 0.20    

 0 0.10    

a4 4 1.00 80   

 3 0.50    

 2 0.30    

 1 0.20    

 0 0.10    

a5 3 1.00 120   

 2 0.40  1 2 

 1 0.20    

 0 0.10    

a6 3 1.00 60   

 2 0.40    

 1 0.20    

 0 0.10    

a8 6 1.00 40   

 5 0.50    

 4 0.40    

 3 0.30    

 2 0.20    

 1 0.10    

 0 0.05    

a7 6 1.00 60   
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 5 0.50    

 4 0.40    

 3 0.30    

 2 0.20    

 1 0.10    

 0 0.05    

* the cumulative probability: Pr{x1 ≤ 3} = 0.50 

 

In this example, (M1, M2, M3, M4, M5, M6, M7, M8) = (4, 3, 3, 4, 3, 3, 6, 6) and there are 9 MCs: 

K1 = {a1, a3}, K2 = {a2, a4}, K3 = {a1, a4, a5}, K4 = {a2, a3, a6}, K5 = {a3, a7}, K6 = {a7, a8}, K7 

= {a4, a7}, K8 = {a1, a8} and K9 = {a2, a8}. The agent manager would like to evaluate the 

performance index B, d, , dd P
θ ),( 21 …  if the budget is 2160 US dollars. We first apply the 

proposed algorithm to generate all (2,2,2160)-MCs as follows. 

Step 0. Ω = φ, I = φ, and Ωmax = φ. 

Step 1. 

1.1) r = 1, K1 = {a1, a3}. 

1.2)  Find all flow vectors F1 = (
2

3

2

1

1

3

1

1 ,,, ffff ) satisfying the following constraints. 

(12)                                                                  
32

42

2

3

1

3

2

1

1

1







≤+

≤+

ff

ff  

(13)                                                                   
2

2

2

3

2

1

1

3

1

1







=+

=+

ff

ff  

We obtain three F1: (1,1,1,1), (2,0,1,1) and (0,2,2,0). 

1.3)  Transform each ( 2

3

2

1

1

3

1

1 ,,, ffff ) into X = (x1, x2, …, x8) via 

(14)             
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Two different X are generated: X1 = (3,3,3,4,3,3,6,6) and X2 = (4,2,3,4,3,3,6,6). 

1.4) & 1.5) Both C(X1) = 2060 and C(X2) = 2100 do not exceed the budget, so Ω ← {X1, 

X2}. 

1.1) r = 2, K2 = {a2, a4}. 

�  

We obtain a total of 54 candidates of (2,2,2160)-MC. The result is shown in Table 2.  

Step 2. Generate Ωmax form Ω = {X1, X2, …, X54}.  

2.1) i = 1. 

2.2)  I = φ. So 1 ∉ I . 

2.3)   z = 0. 

2.4)   j = 2 

2.5)-2.8)  X 2 = (4,2,3,4,3,3,6,6) ≥/  X 1 = (3,3,3,4,3,3,6,6) and X 1 >/  X 2. So I = φ . 

2.4)   j = 3 
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2.5-2.8) X 3 ≥/  X 1 and X 1 >/  X 3. I ← φ . 

2.4)   j = 4 

2.5)-2.8) X 4 ≥/  X 1 and X 1 >/  X 4. I ← φ .  

2.4) j = 5 

2.5)-2.8) X 1 = (3,3,3,4,3,3,6,6) > X 5 = (2,3,3,4,0,3,6,6). I ← {5} 

2.4)   j = 6 

2.5)-2.8) X 1 = (3,3,3,4,3,3,6,6) > X 6 = (2,3,3,2,2,3,6,6). I ← {5, 6}. 

�  

The final result is concluded in Table 2. 

 

Table 2: The result of the numerical example for case (2,2,2160) 

MC Candidate of  (2,2,2160)-MC C(X) Is a (2,2,2160)-MC 

K1 X1 = (3,3,3,4,3,3,6,6) 2060 YES 

 X2 = (4,3,2,4,3,3,6,6) 2100 YES 

K2 X3 = (4,3,3,3,3,3,6,6) 2100 YES 

 X4 = (4,2,3,4,3,3,6,6) 2080 YES 

K3 X5 = (2,3,3,4,0,3,6,6) 1640 NO 

 X6 = (2,3,3,2,2,3,6,6) 1680 NO 

 X7 = (4,3,3,2,0,3,6,6) 1720 NO 

 X8 = (4,3,3,0,2,3,6,6) 1760 NO 

 X9 = (2,3,3,4,0,3,6,6) 1640 NO 

 X10 = (0,3,3,4,2,3,6,6) 1600 NO 

 X11 = (4,3,3,0,2,3,6,6) 1760 NO 
 X12 = (3,3,3,3,0,3,6,6) 1680 NO 
 X13 = (3,3,3,1,2,3,6,6) 1720 NO 

 X14 = (1,3,3,3,2,3,6,6) 1640 NO 

 X15 = (1,3,3,4,1,3,6,6) 1620 NO 

 X16 = (3,3,3,2,1,3,6,6) 1700 NO 

 X17 = (3,3,3,0,3,3,6,6) 1740 NO 

 X18 = (0,3,3,3,3,3,6,6) 1620 NO 

 X19 = (1,3,3,2,3,3,6,6) 1660 NO 

 X20 = (2,3,3,1,3,3,6,6) 1700 NO 
 X21 = (2,3,3,3,1,3,6,6) 1660 NO 

K4 X22 = (4,2,2,4,3,2,6,6) 1940 NO 

 X23 = (4,3,3,4,3,0,6,6) 2000 YES 

 X24 = (4,3,1,4,3,2,6,6) 1960 NO 

 X25 = (4,1,3,4,3,2,6,6) 1920 NO 

 X26 = (4,3,2,4,3,1,6,6) 1980 NO 

 X27 = (4,3,0,4,3,3,6,6) 1940 NO 

 X28 = (4,0,3,4,3,3,6,6) 1880 NO 

 X29 = (4,1,2,4,3,3,6,6) 1900 NO 
 X30 = (4,2,1,4,3,3,6,6) 1920 NO 
 X31 = (4,2,3,4,3,1,6,6) 1960 NO 

K5 X32 = (4,3,3,4,3,3,3,6) 2120 YES 
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 X33 = (4,3,1,4,3,3,5,6) 2000 NO 

 X34 = (4,3,2,4,3,3,4,6) 2060 NO 

 X35 = (4,3,0,4,3,3,6,6) 1940 NO 

K6 X36 = (4,3,3,4,3,3,3,3) 2000 NO 

 X37 = (4,3,3,4,3,3,5,1) 1960 NO 

 X38 = (4,3,3,4,3,3,1,5) 2040 NO 
 X39 = (4,3,3,4,3,3,4,2) 1980 NO 
 X40 = (4,3,3,4,3,3,6,0) 1940 NO 

 X41 = (4,3,3,4,3,3,2,4) 2020 NO 

 X42 = (4,3,3,4,3,3,0,6) 2060 NO 

K7 X43 = (4,3,3,3,3,3,3,6) 2040 NO 

 X44 = (4,3,3,1,3,3,5,6) 1920 NO 

 X45 = (4,3,3,2,3,3,4,6) 1980 NO 

 X46 = (4,3,3,0,3,3,6,6) 1860 NO 

K8 X47 = (3,3,3,4,3,3,6,3) 1940 NO 
 X48 = (1,3,3,4,3,3,6,5) 1780 NO 
 X49 = (2,3,3,4,3,3,6,4) 1860 NO 

 X50 = (0,3,3,4,3,3,6,6) 1700 NO 

K9 X51 = (4,3,3,4,3,3,6,3) 2060 YES 

 X52 = (4,1,3,4,3,3,6,5) 1940 NO 

 X53 = (4,2,3,4,3,3,6,4) 2000 NO 

 X54 = (4,0,3,4,3,3,6,6) 1880 NO 

 
Seven candidates are (2,2,2160)-MCs: X1, X2, X3, X4, X23, X32 and X51. To compute θ2,2,2160, we 

let U1 = {X|X ≤ X1}, U2 = {X|X ≤ X2}, U3 = {X|X ≤ X3}, U4 = {X|X ≤ X4}, U5 = {X|X ≤ X23}, U6 

= {X|X ≤ X32} and U7 = {X|X ≤ X51}. Finally, we have: Pr{X|Ψ(X) ≤ (2,2) and C(X) ≤ 2160} = 

Pr{U1 ∪ U2 ∪ U3 ∪ U4 ∪ U5 ∪ U6 ∪ U7} = 0.96301.  

7 Conclusions  

For a MCFN with unreliable nodes, we first apply the properties of MCs to define the system 

capacity Ψ(X) as (d1, d2, …, dp) if at most dk quantity of commodity k, k = 1, 2, …, p, can be 

transmitted simultaneously under X. A simple algorithm is proposed to generate all (d1, d2, …, 

dp;B)-MCs, i.e., the maximal ones in the set {X|Ψ(X) = (d1, d2, …, dp) and C(X) ≤ B}. The 

performance index B, d, , dd P
θ ),( 21 … , the probability that the upper bound of Ψ(X) equals (d1, 

d2, …, dp) subject to the budget B, is then computed in terms of (d1, d2, …, dp;B)-MCs. 
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