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Abstract: A Petri net with controller is used to model discrete events in flexible job 

shop scheduling problem (JSSP). It not only has the modeling capability of a traditional 

Petri net, but also it can depict system characteristics, such as equipment maintenance, 

different types of priorities, and so on. It is flexible in responding to unexpected 

scenario changes and is thus robust to system disturbances. The JSSP is characterized 

by flexible routings, and flexible machines and labors; and the scheduling results are 

obtained based on genetic algorithm and simulated annealing algorithm(GASA). The 

method is developed to address the dynamic scheduling problem in manufacturing 

systems constrained by machines and labors. After using crossover, mutation, 

probabilistic updating strategy and re-assignment strategy and so on genetic and 

simulated operation，a best or second best scheduling plan can be found. Simulation 

results based on job shop scheduling show that the method is feasible and efficient. 

Keywords: Petri net; controller; genetic algorithm; dynamic job shop scheduling 

1.   Introduction 

As one class of typical production scheduling problems, job shop scheduling with flexible 

processing routing is one of the strongly NP-complete combinatorial optimization 

problems. Due to its significance in flexible manufacturing, semiconductor, and chemical 

engineering, job shop scheduling has been widely studied by researchers from industry 

and operational research. 

Job shop scheduling is a problem of allocating machines to competing jobs over time, 

subject to some constraints. Static job shop scheduling is difficult to apply in practice, due 

to processing environment not being considered. Dynamic job shop scheduling is a 

frequently occurring and highly relevant problem in practice, so it becomes more 

important. Some of the common disturbances that call for rescheduling are: machine 

breakdown, urgent order arrival, over or underestimation of processing time, order 

cancellation, due date changing and being behind or ahead of the current schedule. 

Rescheduling can be achieved by revising the original schedule. Hence, the need arises in 

job shop scheduling problem (JSSP) for powerful graphical and analytical tools such as 

Petri net (PN) and search techniques such as genetic algorithms and simulated annealing 

algorithms (GASA). 

Notation 

pi     place (initial state of job i)
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ti         transition 

pe        fusing place 

Cp       constrained places 

Ct        constrained transitions 

W    incident matrix 

M(pi)  the marking number of place pi 

M0 (pi) the initial marking number of place pi 

As     weight coefficient matrix 

qi       the firing index of the i
th

 transition  

pc     controller 

m      machine 

w      labor 

h      operation h of job in one processing routing 
m

kp     k
th

 machine 

i,h,w,mp  operation h of job i processed by labor w on machine m 
'

i,h,w,m
p   logjam of i,h,w,mp  
b

i
t      breakdown of machine i 

r

i
t      repairing of machine i 

s

i,h,w,mt   beginning of i,h,w,mp  
e

i,h,w,mt   ending of i,h,w,mp  
b

hip ,    buffer after finishing operation h of job i 

f
ip     finishing of job i 

Z      make-span  

ijhmt    processing time of job i for operation h in processing routing j on machine m 

ijhmT    completion time of job i for operation h in processing routing j on machine m 

H     a big enough positive number 

t      temperature 

∆      difference of aim value between new and old 

ijhwt    processing time of job i for operation h in processing routing j by labor w 

ijhwT    completion time of job i for operation h in processing routing j by labor w 

ijhpqsmY  specify the operation sequence of operation h and s on machine m, when operation 

h and s are both processed on machine m, if operation h of job i in the processing 

routing j precedes operation s of job p in the processing routing q , then 

ijhpqsmY =1，otherwise ijhpqsmY =0 

ijX    specify the processing routing j of job i, if processing routing j is selected, then 

ijX =1，otherwise ijX =0 

ijhpqswY  specify the operation sequence of operation h and s by labor w, when operation h 

and s are both processed by labor w, if operation h of job i in the processing 
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routing j precedes operation s of job p in the processing routing q, then ijhpqswY =1, 

otherwise ijhpqswY =0. 

2.            Controller Design of Petri Net with Mixed Constraints 

Due to the advantages of the graphical and distributed representations of the system state and 

the computational efficiency, Petri net models have been studied in the DES control synthesis 

by many researchers (see Yamalidou et al. [1], Uzam [2], Frantisek [3], Wu [4], Gi et al. [5], 

Sturges and Schitt [6], and Atsushi [7]). In a Petri net model with controller, many processing 

routings and constrained resources of product need process can be reflected. The designed 

controller can ensure the system runs satisfactorily with anticipated performance.  

For the controller of DES modeled by Petri net, usually the constraint is the place 

marking. However, not enough attention has been paid to place marking and transition firing 

hybrid constraints. Although the method of Yamalidou et al. [1] relates to transition firing, it 

is transformed into marking constraint and is only effective in safety Petri net. Yang and 

Linkens
 
[8] proposed a transition firing idea by making use of the conflict structure of Petri 

net, but their method may induce deadlock. In this paper a new method is proposed for 

synthesizing the controller of DES modeled by Petri net, and it focuses on problems which 

are identical to those proposed by Yamalidou et al. [1] and Wu [4]. The method proposed in 

this paper does not consider the entire Petri net, and it only disposes the places and transitions 

related to the constraints through part design and Petri net reduction technique. Before 

designing the controller, judging if it is deadlock. Compared to those methods considering the 

entire model of Yamalidou et al. [1], this method is simpler and it can avoid deadlock, 

especially for a large-scale system, where its predominance is more evident and it can be 

applied to a generalized Petri net. 

2.1  Petri Net Reduction Technique 

The Petri net reduction technique is one of the important techniques to reduce Petri net size. 

Its aim is to reduce the Petri net model scale and to maintain the consistency of the Petri net, 

for example, live, safe and bounded. These techniques have achieved promising results in 

practice (see Juan et al. [9], and Wang et al. [10]). 

The method proposed in this paper is based on Wang’s[10] Petri net reduction technique. 

A Petri net with n places and m transitions is given. Suppose there are k constrained places pi（1≤ i≤ k）in the net，and fuse k constrained places into one place pe, whose marking is equal 

to the sum of the markings of the constrained places, therefore it eases the design of the 

controller. The incident matrix of constrained places(see Jiang [11], and Cai [12]) is W ][
ij

w=  

(where 1≤ i≤ k,1≤ j≤ m), )()(
1

i

k

i

ie
pMlpM ∑

=

=  (where li is the weight coefficient of 

constrained places marking and it is a positive integer). The calculating process for place pe 

can be stated as follows. 

1) The incident matrix according to Petri net model,      
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2) The weight coefficient matrix As of constrained places:  
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3) According to the incident matrix W and weight coefficient matrix As, find the fusing place 

Pe of constrained places , 

WAP T
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From the above process, it can be seen that only the transitions related to constrained 

places are used and the operation is much simpler. 

2.2  Controller Design 

Definition 1: Places and transitions in inequality（5）are called constrained places and 

constrained transitions, and expressed by C,  

                 { }1,0,0       )(
11

∈≥






 ≤∑+∑=

==
iii

m

i
ii

n

i
i lbqpMlC λλ              (5) 

where，qi is the firing index of the ith transition, iλ =1 denotes the ith transition fired out, li 

and iλ define which places and transitions are concluded in constraints. 

1) Confirm constrained places Cp and constrained transitions Ct. 

2) Find Pc0, Pc0 = -Pe based on fusing place Pe of constrained places, i.e.,  
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Observe each element in Eq.(6), make the transition corresponding to a positive element 

be input transition of controller, make transition corresponding to negative element be output 

transition of controller, and the transition corresponding to element 0 has no relationship with 

the controller. 

3) For ti∈ Ct , for the below matrix Pc0 , write “1” to corresponding constrained transition 

position, for other positions write 0（supposing 2λ =0 for simplicity）i.e.: 

 

1                     0            1
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3.1 If the element to which the last row element 1 corresponds is 0 in the matrix, then 

draw a two-directional arc between controller pc and this transition, i.e., let ti be the input 

transition as well as the output transition of controller pc. 

3.2 If the element to which the last row element 1 corresponds is <0 in the matrix, no 

additional arc between pc and ti is needed. 

3.3 If the element in the matrix to which the last row element 1 corresponds is >0, and 

the element in the matrix to which the last row element 0 corresponds is >0, and the 
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corresponding transitions of above elements have a common input place, then draw a 

two-directional arc between controller pc and transition ti; otherwise the controller can not be 

designed with this method, because deadlock may be induced. 

4) If controller can be designed, then its initial marking number will be 

    )()( 0
1

0 i

k

i
ic pMlbpM ∑−=

=

                                        (8) 

2.3  Case Studies 

Two examples are used to illustrate the controller design method proposed in this paper. The 

first example is a simple Petri net, which can be designed with the new method. In the second 

example, method proposed in this paper and method of Yang and Lickens[8] are used 

respectively. The predominance of this new method is more evident. 

2.3.1 Case Study 1 

An ordinary Petri net is shown in Fig.1. Suppose it is needed to design a controller to realize 

these places and transitions hybrid constraints: 

2)()( 6572 ≤+++ qqpMpM                                       (9) 

Cp={p2 , p7 }; Ct={ t5 , t6 } 

The incident matrix of constrained places is  
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From Eq.(6), it is found that 

[ ]111110 −−=cP ，then t1 and t6 are output transitions of controller pc, and t2, t4 

and t5 are input transitions of controller pc. From step 3, 

[ ]
11 000

11 1 11

65421

−−=

ttttt

P
c

; 

The first 1 of the last row corresponds to element 1>0, both the elements to which t2 and 

t4 correspond are >0, and t4 and t5 have a common input place p7, so a two-directional arc is 

drawn between t5 and pc, the second 1 corresponding to element (-1)<0，no additional arc is 

needed to be drawn between pc and t6 . From step 4, the initial marking number of controller 

is obtained: M0 (pc) = 2 - M0 (p2)- M0 (p7)=2. At last the controlled Petri net is obtained as 

shown in Fig.2. 
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2.3.2  Case Study 2 

A Petri net is shown in Fig.3. Its constrained inequality is given as: 

 2)( 432 ≤++ qqpM                                          (10) 

According to step 3.3), this new method can’t be used in controller design, or deadlock 

may be induced as shown in Fig.4. In Fig.4, the controller is designed with the method of 

reference [8]. 

2.4  A Petri Net Model with Controller in Flexible Job Shop Scheduling  

In order to describe a Petri net model with controller for flexible job shop scheduling, a 

sub-Petri net is modeled. Consider the following FMS system, there are three types of 

machines in the system, i.e., type I: machine 1, 2, typeⅡ : machine 3, and typeⅢ : machine 4, 

5 and 6. Ten jobs are pending for processing, and process number of each job is 1 to 4. The 

resource demand on labors and machines are listed in table 1 and table 2.  

 

 

 

 

 

 

Job Operation 
Processing 

time 
Machine type Job Operation 

Processing 

time 
Machine type 

1 1 12 Ⅱ  5 2 10 Ⅲ  

 2 9 Ⅰ      3 10 Ⅰ  

 3 5 Ⅲ   4 8 Ⅲ  

2 1 6 Ⅱ  6 1 6 Ⅱ  

 2 6 Ⅲ  7 1 6 Ⅲ  

 3 8 Ⅰ   2 8 Ⅲ  

Labor Machine 1 Machine 2 Machine 3 Machine 4 Machine 5 

1 ∨  ∨     

2  ∨  ∨    

3    ∨  ∨  

4     ∨  

Table 1: Working table of labors and machines 

Table 2: Processing time of machines 

Fig.2: A Petri net with controller Fig.1: An ordinary Petri net 

Fig. 4: A Controlled Petri net Fig. 3: A Petri net 
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3 1 5 Ⅰ  8 1 12 Ⅰ  

 2 9 Ⅱ   2 8 Ⅱ  

4 1 4 Ⅰ   3 8 Ⅲ  

 2 6 Ⅲ  9 1 5 Ⅰ  

 3 10 Ⅰ   2 8 Ⅲ  

5 1 5 Ⅰ  10 1 7 Ⅲ  

PN model of job1 as shown in figure 5:  

The controller shown by the broken line in Fig.5 controls two operations: a) the first 

buffer is not allowed to overflow or underflow, machine 3 can not be operated when a job 

exists in the first buffer, i.e. 1)()(
1,13,2,1,1

≤+
b

pmpm ; b) machine 3 has preference to machine 1 

for repair, if these two machines breakdown at the same time, machine 3 is repaired first. The 

Petri net for the other jobs can be obtained according to this method, and the entire model can 

be obtained through connecting theses Petri nets. The entire model is neglected here due to its 

large size.  

 

 

 

3.   Flexible Scheduling Optimization Algorithm 

Approaches for flexible routing scheduling have attracted attention for bringing significant 

advantages to a job shop. Since both routing sequences and machines can be replaced under 

the constraints of using alternative routings and functionally overlapped machines and labors, 

respectively, the schedule obtained for completing the same production task can be relaxed. It 

may be included in quite a large feasible schedule set. Therefore, a more appropriate one can 

be chosen to achieve the expected performance. 

3.1  Scheduling Model  

The scheduling model is as follows: many jobs need processing in a job shop, and each job 

Fig.5: Petri net model of job 1 
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has multiple processing routings. The objective is to plot a processing routing for each job, 

and to find a permutation of jobs that minimizes the maximum completion time, i.e., the 

make-span. Suppose the following conditions are based on benchmark supposition in order to 

satisfy a scheduling objective during modeling: ①no job can be processed ahead of schedule;②all the jobs are available at time 0;③each operation has its specified order and processing 

time;④one job is immediately delivered to the next machine after processing on one machine, 

and transporting time is neglected;⑤assistant processing time for different operations is 

added to processing time;⑥the delayed time by labor is not considered.  

The scheduling objective is: 

            min Z                                       (11) 

Constrained conditions: 

1. the last operation of job i in processing routing j 

ZXHT ijijhm ≤−− )1(                             (12)  

2. the non-last operation of job i in processing routing j 

1             ,,,,         

)1()1(

≠∀

≥−+−+ −

hghmji

tXHTUT ijhmijghijijhijhm
                (13) 

3. the first operation of job i in the processing routing j  

1    ,,,,  

   )1(

=∀

≥−+

hkhmji

tXHT ijkmijijhm
                            (14) 

4. Operation of job i in the processing routing j and operation s of job p in the 

processing routing q both need processing on the machine m  

ijhmpqijijhpqsmpqsmijhm tXHXHHYTT ≥−+−++− )1()1(              (15) 

pqsmpqijijhpqsmijhmpqsm tXHXHYHTT ≥−+−+−+− )1()1()1(              (16) 

5. It is necessary to ensure that only one processing routing is selected for all jobs 

1=∑
j

ij
X                                      (17) 

6. Any processing routing of job i and job p need processing on machine m 

0≤∑+−
q

ijhpqsmij YX                               (18) 

0≤+− ∑
j

ijhpqsmpq YX                               (19) 

7. Any operation of job i in the processing routing j 

0≥ijhmT                                        (20) 

8. Some operations of job i in the processing j and some operations of job p in the 

processing q are processed by labor w  

ijhwpqijijhpqswpqswijhw tXHXHHYTT ≥−+−++− )1()1(             (21) 

pqswpqijijhpqswijhwpqsw tXHXHYHTT ≥−+−+−+− )1()1()1(          (22) 

Equation (12) is a natural constraint to ensure that last operations should be completed before 

make-span; (13) and (14) are to ensure operation (h-1) on machine g precedes the next 
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operation h on machine m for the same job; (15) and (16) are to ensure that each machine can 

process at most one job at a time, and each job can be processed on at most one machine at 

any time; (15) denotes that operation s of job p in the processing routing precedes operation h 

of job i in the processing j on the machine m, and that (16) denotes opposite processing 

sequence; (17) is to ensure only one processing routing of each job is selected; at the same 

time, when only one processing routing of each job is selected, the sequence can be ensured 

by (18) and (19); (21) and (22) are to ensure that two different operations can not be 

processed simultaneously by the same labor. 

3.2  GASA Hybrid Algorithm 

In theory, GA and SA are both based on probability distributions. However, SA reaches an 

almost zero probability-jumping phenomenon through endowing a key time variety in 

searching, and avoiding converging to a local optimum and attaining total optimization. GA 

realizes optimization through population generic operation based on survival of the fittest. 

GASA hybrid algorithm is good for searching for an optimum process, enhancing whole and 

local search ability and efficiency; it has excellent search ability, efficiency and high 

reliability.  

The details of GASA are as follows: 

� Permutation representation represents a solution of a problem as chromosome.  

� Create initial population and fitness function. 

� Crossover operation: Before the operation, divide population into K sub-populations (4 

sub-populations in this paper simulation): select the optimum individual in each 

sub-population and crossover with other individuals. Adopt PPX, GOX, GPMX1, and 

GPMX2 (see Byung et al. [13])
 
in simulation, which can make the population have 

obvious diversity. 

� Selection. Select optimum chromosome between offspring chromosome produced by 

crossover in different sub-population and parent. 

� Mutation: INV mutation is used to produce small perturbations on chromosomes. 

� Metropolis sample process. 
� Enhancing memory ability: In order to avoid losing the current optimum solution in the 

search process, save the current optimum solution through adding memory.  

� Cooling scheme: Exponential cooling,
1−

=
kk

tt λ , and λ =0.9 in simulation.  

� Criterion of temperature changing and algorithm termination: In the optimizing process, 

if the optimum value remains constant through 30 eras then start cooling; if the optimum 

value remains constant through cooling 30 iterations then stop searching, and the 

optimum value is the solution. 

4.   Case Study and Analysis  

4.1  Static Scheduling 

In order to test the superiority of GASA method, as parameter setting is the same, run the 

simulation program 10 times with GASA method and GA method respectively. Recording the 

solution in each run, the results are shown as table 3. 

Table 3: Results of simulation experiment for 10 times 

Time 1 2 3 4 5 6 7 8 9 10 

 Solution [GASA] 55 55 55 56 55 55 55 56 55 55 

Solution [GA] 55 55 56 56 57 55 56 58 55 55 

It shows that not only GASA has better stability than conventional GA, but also the 

convergence of GASA is much better than that of GA, and GASA is easier to find optimal 
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solution. The scheduling Gantt graph with GASA method is shown in figure 6. 

Figure 6 shows the distribution between working procedure and machines/labors. The 

abscissa indicates time duration consumed by jobs and the ordinate indicates machines/labors. 

Different jobs and their operations are expressed with four-digit number in the Gantt graph. 

The first two represent job number, and the third represents operation number, and the last is 

for labor/machine. For example, on the machine 1, “0511” represents operation 1 of job 5 

processed by labor 1. For the labor 3, “1014” represents operation 1 of job 10 processed on 

machine 4, and processing time can be obtained from the abscissa. From the graph, it is easy 

to obtain workload of each labors, such as workload of labor 1 is 54(5+12+4+5+10+10+8). 

4.2  Dynamic Scheduling 

The dynamic job shop scheduling designed in this paper, will consider cases, where emergent 

jobs arising, machine breakdown, order cancellation.  

For above example, if urgent jobs come at time t=0 (table 4), then new scheduling result 

as shown in figure 7, and the objective value is 63。 

 

 
Job Operation Processing time Machine type 

11 1 5 Ⅰ  

 2 10 Ⅱ  

 3 6 Ⅲ  

12 1 10 Ⅱ  

 2 6 Ⅲ  

13 1 8 Ⅰ  

 2 8 Ⅲ  

 3 10 Ⅲ  

 

If machine 4 fails at t=27（vertical line in figure 8）, labor 4 and machine 5 begin to 

implement new scheduling at time t=34 due to their current operation not finishing, and other 

labors and machines immediately begin to carry out new scheduling. The new Gantt graph is 

as shown in figure 8, and the objective value is 58. 

If job 5 cancels when t=15（vertical line in figure 9）, here machine 1, 3, labor 1 and 2 are 

busy. New scheduling can be implemented after current operations ending. The new 

scheduling Gantt graph as shown in figure 9, and the objective value is 50. 
  

Table 4: Tasks table of urgent jobs 

Fig.6: Gantt graph of static scheduling 
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5.  Conclusion 

A new method of controller design with hybrid constraints is used, and the method is proved 

to be simpler and more efficient than the method presented by Yamalidou et al.[1]. The 

scheduling results are obtained based on GASA algorithm with make-span as the criterion 

under the constraints of labors and machines. According to the simulation results, the 

GASA-based search has been proven to be more efficient for JSSP than that basing on GA 

algorithm. The main idea of the algorithm introduced for solving a FMS scheduling problem 

is to relax the routing constraints of some of the jobs to be processed, and deal with several 

       Fig.7: Gantt Graph of Urgent Jobs Arising 

      Fig.8: Gantt Graph of Machine 4 Breakdowns 

        Fig.9: Gantt Graph of Job 5 Cancellation 
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dynamic events. Thereafter, the evolution of the routing selection, machine selection, labor 

selection, and operations sequence decision can be carried out simultaneously, using a GASA. 

When these factors are considered during production scheduling, generally, a more effective 

schedule can be obtained. Moreover, the algorithm is shown to be effective and feasible in 

practical cases and even for real-time applications, and it can be applied to multi-resource 

constrained job shop scheduling. 
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