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Abstract: Providing the required spare parts is an important issue of product support,
which is important for system/machine utility improvement. Required spare parts
estimation can be performed through different approaches, one of the realistic and well-
founded spare parts estimation method is based on the system’s reliability characteristics
and taking into consideration the system operating environment. In this paper we study
and compare two renewal models namely exponential and Weibull models (constant
versus non-constant failure rate assumptions) used in estimation of spare parts for non-
repairable components. We also estimate the differences between the two models and
calculate the percentage of error. Furthermore a case study is conducted on the hydraulic
system of LHD machines in Kiruna Mine in Sweden to find out which factor has a
significant impact on the estimation of the number of required spare parts
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1. Introduction

Every industrial-mechanical system needs support during its life period in order to be
available and perform the defined function. There are different forms of product support,
one of which is the delivery of the required spare parts. In other words, important parts of
the support system are spare part stocks and the control of the inventory. Generally,
inspection and repair constitute an important issue for industrial systems in keeping the
utilization at the appropriate level. This can be achieved by replacing worn-out and failed
components with new ones.

Therefore, the required spare parts should be forecasted properly and kept available in
stock in the event of repair and replacement of the failed or worn components to minimize
the system downtime and maximize the machine utilization. Estimation of the required
spare parts can be accomplished through different approaches, one of which is a realistic
and well-founded method based on the system’s reliability characteristics and taking into
consideration the operating environment [1, 2]. In the reliability analysis the failure rate
can be considered either constant (e.g. electronic modules and components) or variable,
e.g.., most of mechanical parts and systems that failure rate is working-time-dependent
(increasing or decreasing) [3]).
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In some cases, for forecasting and estimating the required number of spare parts in
the future based on the reliability characteristic of machines, the assumption of a constant
failure rate does not differ much from the assumption of a non-constant rate, and can be
made with an acceptable error. In addition, the present authors believe that non-Poisson
approaches could be justified for reliability and maintenance analyses that tend to be on
the component level, but not for logistic support analyses and spares optimization.

In this paper an attempt has been made to study and analyze the estimation of the
required number of non-repairable spare parts to find out the differences between the two
methods based on reliability characteristics (Weibull model versus exponential model)
and to calculate the percentage of error. The application condition of each model is
studied as well, that presents in the case of single component alone and/or a component in
a system which model is applicable. Totally the advantages and disadvantages of both
models are discussed. Moreover, a sensitivity analysis was carried out based on the result
of a case study in the Kiruna iron ore mine in Sweden to find out which factor has a
significant impact on the estimation.

In the real life of a system, the hazard rate is influenced by the time during which and
the operating environment factors (covariates) under which the system operates. In other
words, the hazard rate of a system is the product of the baseline hazard rate λ0(t),
dependent on time only, and another positive functional term basically independent of
time. This term incorporates the effects of a number of covariates, such as temperature,
pressure, and others, which may be to increase or to decrease the hazard rate. For
example, in the case of bad operating conditions, poor and incomplete maintenance, or
incorrect spare parts, the observed hazard rate is greater than the baseline hazard rate.
However, in the case of good operating conditions, or improved and reliable components
of a system, the observed hazard rate will be smaller than the baseline hazard rate [4].

One method for analyzing the effects of the covariates on the reliability (and also the
hazard rate) is to use regression models, which generally can be broadly classified into
two groups, parametric and non-parametric regression models, on the basis of the
approaches used [5]. The “proportional hazard model” [6] is an example of a non-
parametric model. The generalized form of the proportional hazards model (PHM) that is
most commonly used is written as [6]:
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and h0(x) is the baseline hazard rate. Therefore, the observed hazard rate of a system with
respect to the exponential form of function, which includes the effects of covariates, may
be given as [4]:
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where zj, j = 1, 2, …, n are the covariates associated with the system and αj, j = 1, 2, …, n
are the unknown parameters of the model, defining the effects of each one of the n
covariates.
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2. Expected Number of Failures

Consider an item, which upon failure is subjected to replacement; i.e. the hazard rate after
repair is same as the hazard rate at the beginning. If N(t) is the total number of failures by
time t, then M(t) = E [N(t)] is the expected number of failures by time t. It can be shown
that under this assumption:
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For an exponential time to failure distribution with considering the effect of
covariates (influencing factors except time), the expected number of failures is equal to:
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And for the Weibull distribution by integrating the effect of covariates, the expected
number of failures will be equal to:
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3. Required Spare Parts Estimation

Spare parts forecasting and inventory management constitute one of the most challenging
problems in the whole process of integrated logistic support. On the one hand, the
operators want replacement parts to be in stock when required, but on the other hand, they
cannot fulfill this wish because capital would then be bound up in the inventory. Any
money spent on spares means less money available to pay for fuel, wages, and a new
system or to gain interest. In addition, every stocked spare incurs on-going costs in the
form of storage costs, handling charges and possibly deterioration costs through a limited
shelf life or obsolescence. On the other hand, a lack of spare parts availability might cause
uncompensated loss through system downtime and non-production.

The cost of maintenance and spares for an operator of a fleet of trucks or loaders over
the life of the system usually exceeds the cost of the original system (truck or loader),
depending on how the fleet is operated, maintained and supported [7]. For large quantities
of items, even a very small error in forecasting the demand for spares can make a huge
difference in the support cost.

Usually the manufacturer/supplier provides information on the required number of
spares for each component of the system for a stated period of time (initial provisioning).
Unfortunately, as mentioned by Pironet [8], demand prediction for spare parts and
maintenance constitutes the weakest aspect of stock management today in all armed forces
and industries alike.

Any successful model used for stock management should be able to predict the
demand as accurately as possible. The demand due to failure can be modeled either using
a renewal theory (when the time to failure is non-exponential) or using a Poisson process
as a special case of the renewal process (if the time to failure is exponentially distributed).

4. Mathematical Models for Demand Prediction

Two popular mathematical methods that are used in spare parts provisioning are based on
the Weibull and exponential renewal models. When we are talking about a system that
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comprises several different non-repairable components, in the case of the failure of system
due to the failure of any components, just for retaining in the system, the failed item is
replaced with new one. In other word, for system the minimal repair is done where the
failure rate of the system after replacement of the failed components is the same as that
just before failure. So, in this category for the considered system failure occur according
to a non-stationary Poisson process [9]. The failure rate associated with the failure
distribution function is a reliability measure which is used in this case for calculating the
average required number of spare parts for a defined time horizon. But, for each non-
repairable item/component in a system, failures and hence replacements over the time
occur according to a renewal process, since each failed item is replaced by a new one [9].
In other word, the time to failure (or time between replacements) is used as a reliability
measure in this context for estimating the number of required spare parts (Fig. 1).

Fig. 1: Comparison between the Failure Rate of Single Component and System

In addition, the exponential model can be used whenever the failure rate is constant
(meaning that each failure mode and other factors which influence the demand should
follow the exponential distribution). Whenever the failure rate is not constant, we have
used (in this research) the Weibull model to forecast demands for spares. It is important to
note that the above statement is valid only for non-repairable spares (components) that are
not repaired.

4.1 Exponential Model for Forecasting the Required Spare Parts

A constant failure rate could mean that the number of occurrences per time unit does not
vary over time and the conditional probability of failure per time unit is constant. The
homogeneous Poisson process can be used to model higher indenture spares such as Line
Repairable Units (LRU) in the steady state when the failure rate is constant.

In LRU with a large number of components which can be modeled using an
independent renewal process, theorems by Palm [10] and Drenick [11] state that in the
steady state the time between replacements at the LRU level follows an exponential
distribution; i.e. the demand follows a homogeneous Poisson process.

The exponential reliability model is a simple and applicable model to use, especially
when the effects of covariates are considered in the study of non-repairable
elements/systems. Therefore, in this case the average number of required spare parts, with
the assumption of an exponentially distributed lifetime for them, can be calculated
through the use of the following equation [1]:
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where:
P = Probability of a shortage of spare parts (1- P = Confidence level of spare part

availability)
λ= Failure rate of an objective part (with regard to the effect of covariates)
t = Operation time of system
N= Total average number of required spare parts in period t

If q represents the numbers of the same part in use at the same time, then q is entered
into the equation in the form of multiplication by λtq. In this way the calculated N will
represent the total required number of spare parts for the whole system.

4.2 Weibull Renewal Model for Forecasting the Required Spare Parts

Renewal process was originally used to analyze the replacement of equipment upon
failure, to find the distribution of the number of replacements and the mean number of
replacements [12]. It is the most appropriate tool for predicting the demands for
consumable items.

Generally in the analytical world, function evaluation is much faster and optimization
is feasible. The classes of analytical models that we identify and like to compare are those
based on general renewal processes. The reason is that component (non-repairable parts)
failure processes are naturally described by renewal processes.

The theory of renewal processes is well developed and matures [13, 14, and 15]. A
(an ordinary) renewal process is characterized by one entity, the distribution for the time
between renewals, denoted by F(t). If N(t) represents the number of renewals (in our case
the number of failures) that occur by time t, and if one assumes that the time to failure
random variables X i, i≥1 are independent and have an identical distribution F(t), then:
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Fn(t) denotes the probability that the nth failure will occur by time t. The expected
number of failures, M(t), during a length of t is given by:
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The above equation is known as the Renewal Function and it gives the expected
number of renewals during (0, t]. Consider replacements of a part having an mean time to
failure denoted by T and a standard deviation of time to failures denoted by σ(T) (so ζ = 
σ(T) / T denotes the coefficient of variation of the time to failures), and if the operation
time t of the system or machine in which this part is installed is quite long and several
replacements need to be made during this period, then the average number of failures
E[N(t)] = M(t) will stabilize to the asymptotic value of the renewal function as [13]:
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= Average number of failures in time t



Behzad Ghodrati140

The standard deviation of the number of failures in time t is:

 
T
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If time t in the above equations representing a planning horizon is large, then N(t) is
normally distributed (based on a central limit theorem) with )(tNmean . Then the
number of spares Nt needed during this period with a probability of shortage = 1- p is
given by [3]:
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where -1(p) is the inverse normal function and is available in probability textbooks.
Assuming the Weibull reliability model to be a most versatile model for characterizing the
life of mechanical parts, and integrating the effect of covariates with regard to the
proportional hazard model (see [2] for details), we have:
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where
0 and

0 are the initial (baseline) shape and scale parameters respectively in the
Weibull distribution.

5. Comparison between the Weibull and Exponential Renewal Models Based Spare
Parts Estimation

There are some advantages and disadvantages of implementing the Weibull and/or the
exponential models in spare parts estimation. For instance, the exponential model (as a
homogeneous Poisson process model) is simple and easy to implement concerning both
the required data collection and analysis. Nevertheless, the approximated Weibull renewal
model is more appropriate for calculating the total number of available spare parts
accurately. Here come bellow the results of a comparison between two methods, which is
concluded from the implemented calculation process. Calculation process was carried out
based on the different values of baseline mean time to failure (MTTFo), the shape

parameter (β), and the effect of covariates ( 
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coefficient). In the implemented calculation process we used both the exact exponential
and the approximated Weibull models for estimating the required average number of spare
parts in a specified planning horizon.

As can be seen in Fig. 2, in both the exact exponential and the approximated Weibull
models, the number of required spare parts decreases as the baseline mean time to failure
increases. The ratio of the number of spare parts estimated through the exponential
method to that estimated through the Weibull method is approximately two to one (in
average). In addition, the slope of the lines is sharp before 3000 hrs and afterwards it
subsides. We can therefore conclude that for the working period before 3000 hrs it is more
beneficial to use the Weibull model, which is more accurate (big difference in the number
of required spare parts compare to exponential model). For the period after 3000 hrs the
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exponential model, which is easy to use, and implement can replace the Weibull model.
From another point of view, for the component costing less it might be more economical
to use the exponential model than the accurate but costly (more time-consuming) Weibull
model. The graph for the required average number of spare parts based on the βvalues
(Fig. 3) indicates that with an increasing βvalue, the number of required spare parts
decreases. This is more predictable, because an increasing beta means that the component
failure rate increases, whereas the system failure intensity is not affected in the same way.
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Fig. 2: The Plot for the Average Number of Required Spare Parts Against
the Baseline Mean Time to Failure for the Weibull and Exponential
Methods (Beta value (β= 3.5), the Coefficient of Covariates (Co.Eff. = 1.5)
and System Operation Time (t = 5600 hrs) are Assumed Constant)
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Fig. 3: The Plot for the Average Number of Required Spare Parts against
the βValue for the Approximated Weibull and Exponential Methods
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As it is seen (Fig. 4) the curve of the probability density function curve moves to right
hand side with increasing the βvalue. It means that the probability of failure at the
beginning of operation is high when the βvalue is less in compare to high βvalue. In
other word, with increasing the βvalue, the time to the first failure is increasing as well,
which is considered in this study for non-repairable modules. The plotted line is, however,
still saw-tooth-shaped, with slightly sharper teeth. This is an important and considerable
issue in the warranty cost evaluation, but for the useful life of equipment, however, if its
life tends to be infinite the system/component with high βvalue will need more spares for
a fixed life length.

-0,0001

0
0,0001

0,0002

0,0003
0,0004

0,0005
0,0006

0,0007

0 1000 2000 3000 4000 5000 6000 7000

Time (hrs)

f(
t)

Beta=0,5 Beta=1
Beta=2 Beta=3
Beta=5

Fig. 4: The Probability of Density Function Based on Different Value of β

This is an important and considerable issue in the warranty cost evaluation which has
been considered and studied as a research project for a leading mobile phone company.
But for the useful life of equipment, however, if its life tends to be infinite the
system/component with high βvalue will need more spares. If the manufacturer offers
longer warranty period just by increasing the βvalue of components, then on the side the
customer may get dissatisfaction after warranty period due to the increased number of
failure. Then there is an important trade-off between βvalue and the life length of
equipment and the warranty cost.

Therefore, based on the result of the analysis, it can be claimed that for β≤1.5 the
exponential model is more suitable in the context of application and analysis costs.

In addition, as is seen in Fig. 5, with increasing βthe difference between the
exponential and the approximated Weibull models will decrease when the baseline mean
time to failure (MTTFo) decreases.

In Fig. 6, the required average number of spare parts is plotted against the effect of

covariates 
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We found that this is due to only that the covariates affect directly (in the
multiplication form) the failure rate in the exponential model, whereas in the Weibull
model, the covariates affect only the scale parameter as a part of factors in the failure rate.
The effect of covariates equal one means there is no environmental/external influence on
the number of failure and consequently on the number of required spare parts.
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Fig. 6: The Plot for the Average Number of Required Spare Parts Against
the Factor of Effect of Covariates for the Weibull and the Exponential
Methods (β=3, MTTFo=3000 (hrs) and t=5600 (hrs) Are Assumed Constant)
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The value of the effect of covariates greater than one indicates the worse situation of
system operating condition whereas the value of the effect of covariates less than one
represents the good/improved-working environment.

The multi-comparison of the effects of covariates and βvalue (Fig. 7) presents that
the covariates have less influence on the average required number of spares for
components with high β. This event confirms our previous statement, which indicates that
the exponential model gets more effect than Weibull model by covariates.
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6. Sensitivity Analysis of the Evaluation Factors

A sensitivity analysis was carried out as well, based on the results of a case study (see the
appendix for a sample of the data set used), which had been conducted on the hydraulic
system of LHDs in Kiruna Mine in Sweden to find out which factor has a significant
impact on the estimation (calculation of the number of required spare parts).For this
purpose we applied the factorial design statistical method and Analysis of Variance
(ANOVA) for the number of required spare parts, considering the three main factors
(effects) – MTTFo, β, and the effect of covariates – and their double interactions. The
ANOVA table (Table 1) partitions the variability in the number of required spare parts
(Nu. of Req. Spare Parts) into separate pieces for each of the effects. It then tests the
statistical significance of each effect by comparing the mean square against an estimate of
the experimental error.

In this case, one factor (the effect of covariates) has P-values less than 0.1, indicating
that it is significantly different from zero at the 90,0% confidence level (the null
hypothesis is contradicted). The R-Squared statistic indicates that the model as fitted
explains 99.3891% of the variability in the number of required spare parts. Fig. 8 plots the
estimated effects in decreasing order of importance at 90.0% confidence intervals for the
estimates. Interestingly, the baseline mean time to failure takes second place with regard
to significance for calculating spare parts.
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Table 1: Analysis of Variance for Number of Required Spare Parts

Source Sum of Squares d.f. Mean Square F-Ratio P-Value
A: MTTFo 19.7192 1 19.7192 35.10 0.1065
B:Eff.Cov. 43.8048 1 43.8048 77.97 0.0718
C:Beta 10.4882 1 10.4882 18.67 0.1448
AB 11.8098 1 11.8098 21.02 0.1367
AC 1.7672 1 1.7672 3.15 0.3268
BC 3.8088 1 3.8088 6.78 0.2334
Total error 0.5618 1 0.5618
Total 91.9598 7
R-squared = 99.3891%
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Fig. 8: Pareto Chart for the Number of Required Spare Parts – the Effect of
Covariates Is Significant at a 90% Confidence Interval

Generally, the effect ofβis reflected in some way in the effect of MTTFo. Therefore,
the re-analysis of the influencing factors after eliminating the factor βshows that the
factor of effect of covariates (Eff.Cov.) is still significant. This can be concluded from the
normal probability plot for the number of required spare parts (Fig. 9), which shows that
the plot of Eff.Cov. is located out of the normal probability line.
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7. Conclusion

This study demonstrates that, from the customer/user point of view, in the case of the
single component the Weibull renewal model is more applicable and accurate. However,
the exponential model is more suitable when a system (multi-components) is under study
to determine the required number of spare parts.

A comparison between the Weibull renewal and the exponential methods for
calculating the number of required spare parts indicates that the average number of spare
parts obtained when implementing the exponential method is almost twice the number
obtained with the Weibull method for different values of MTTFo. For the two cases where
β< 2 and the coefficient of the effect of covariates is equal to or smaller than 1, the
difference between the output results of the two methods is small and sometimes
negligible. In these cases then the Weibull renewal method can be replaced with the
simple exponential method, which is probably more economical to implement.
Consequently, the nature of the work, the price of spares (economy), and the criticality of
the availability of spare parts influence the decision as to which method is more suitable
to use.

In the Weibull renewal model with an increasing βvalue, the number of required
spare parts decreases, which is an important issue in the estimation of warranty cost.

This study also shows that, among the factors influencing the spares estimation, the
effect of covariates (operating environment factors) is significant at a 90% confidence
level. It is therefore seriously recommended to take the operating environment influencing
factors into consideration when analyzing the reliability characteristics of
components/systems and when estimating the required number of spare parts, in order to
make the final result as accurate and realistic as possible.
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Appendix

Table 2 shows a sample of the data set used in the sensitivity analysis of evaluation factors
(MTTFo, effect of covariates and beta). The values –1 and +1 in the table indicates the
worse/undesired (less MTTFo) and good/desired (high Beta) values or conditions,
respectively, in the working environment.

Table 2: A Sample of Data Set from Kiruna Iron Ore Mine Used in the
Sensitivity Analysis

# MTTFo Eff. Cov. Beta No. Req. Spare

1 -1 -1 -1 12

2 1 -1 -1 5

3 -1 1 -1 3

4 -1 -1 1 7

5 1 1 -1 2

6 1 -1 1 3

7 -1 1 1 2

8 1 1 1 2


