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Abstract: The purpose of this paper is to present a multistate reliability approach to
evaluate the performance of the infrastructure networks from the viewpoint of reliability.
There are many infrastructure networks that follow the classical two-terminal network
reliability problem. We present a relatively efficient algorithm to find a subset of lower
boundary points and then use them to develop lower bounds on the reliability of the
network. A supply chain network reliability example is given where the performance of
the supply chain network is related to the lead time to meet the demands of the customer.
We formulate this problem in terms of two-terminal network reliability with mutlistates
where higher values of the states mean shorter lead times. The methodology can be used
to evaluate design of supply chain networks. An example is given to evaluate two supply
chain networks and their performances are compared using the proposed multistate
reliability measures.

Key Words: performance evaluation, multistate reliability, network reliability, supply
chain

1. Introduction

Many infrastructure networks such as supply chain networks, oil/water/gas commodity
distribution networks (pipeline systems), transportation networks, and computer and
communication networks play important roles in our modern society. Generally, these
networks consist of their components that are nodes (vertices or points) and arcs (links,
branches, edges, or lines) and they can be modeled as mathematical graphs. Due to the
global competitive business environment, the emphasis on the better and more reliable
services has increased; accordingly, many infrastructure networks have incorporated
reliability analysis as an integral part in their planning, design, and operations [1].
Network reliability is concerned with the ability of a network to carry out a desired
network operation and the performance evaluation of the network operation is based on
variety of the network applications.

In recent decades, the traditional binary reliability model has been applied to evaluate
the reliability of the infrastructure problems [2-5]. Several researchers have indicated that
the binary reliability assessment is insufficient to evaluate the networks with multistate
behavior [6-9], when the desired operation of the network is not only the connectivity
among the specified nodes but also the flow that can be transmitted through the connected
nodes. For example, a computer communication network with fixed amount of data that
can be allowed among terminal of various computer centers, a transportation network with
limited maximum traffic on various roads, an oil or water pipeline network with capacity
limitations, etc. Evaluating such networks using the binary reliability model ignores
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intermediate states between perfect functioning and completely failed states. This
inaccurate evaluation of network reliability could lead to incorrect decision-making
regarding network performance. When a network and its components can operate at
several levels of performance, both the network and its components are considered having
a multistate behavior. Multistate reliability model that allows multiple states for a network
and its components has been proposed to appropriately address the multistate behavior
issue [6-7, 9-12].

The multistate reliability computation is an NP-hard problem [9]. Several approaches
have been proposed to evaluate multistate reliability in terms of lower boundary points
(LBPs) [7], [10] which has been known as the multistate minimal path sets [13], upper
critical connection vectors [11], or d-MPs [14], [15]. Exact reliability value of a particular
state could be computed using the inclusion-exclusion principle if all LBPs of the state are
known [10], [16]. Several algorithms have been presented to efficiently search for LBPs
and use them to compute the reliability of multistate networks reliability. Lin et al. [14]
proposed a method that found LBP-candidates by solving sets of inequalities imposed by
the structure of the network and the flow-conservation law. The implicit enumeration
method was used to solve the sets of inequalities to obtain LBP-candidates. All LBPs
were obtained after the comparison process. Note that the sets of inequalities could not be
set up properly without knowing all binary minimal paths in advance while searching for
binary minimal paths was unfortunately an NP-hard problem. Ramirez-Marquez et al. [13]
proposed an algorithm to find potential LBPs using the concept that a select number of
network arcs shared information among each other. The number of the potential LBPs
exponentially grew as the number of arcs and the arcs states increased. Some of the
enumerated potential LBPs were not feasible so the verification process was required. The
existing algorithms give all LBPs and they require the comparison process or the
verification process.

As presented in Hudson and Kapur [17], a subset of LBPs can be used to compute
lower reliability bounds (LRB) under the inclusion-exclusion principle. With a certain
number of LBPs, computing LRB gives useful information for a large network problem
when computational time for the exact reliability is infeasible. In this paper, we present an
algorithm to find a subset of LBPs for the computation of LRB. As pointed out before,
some existing algorithms generate all of LBPs while our algorithm gives the subset of
LBPs. The proposed algorithm also does not require the comparison or verification
process. The LRB can be obtained using the subset of LBPs and provides a relatively
efficient way to evaluate performance reliability.

The main purpose of this paper is to present a multistate reliability approach to
evaluate performance reliability of infrastructure networks using the supply chain network
as an example. Since finding the exact value of the reliability of a large network is a very
difficult problem (NP hard), an algorithm to find a subset of lower boundary points for the
computation of lower reliability bounds is presented. We demonstrate how to implement
this multistate reliability approach to evaluate performance of supply chain networks
based on lead times to meet the needs of the customer. Two supply chain networks are
evaluated and their performances are compared using multistate reliability measures.

Problem Description

A network G = (N, A) consists of a finite set of nodes N and a set of arcs A . Nodes and
arcs are numbered as N = {1 , 2,…, m} and A = {1, 2, …, n}. To avoid any confusion, we
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use i and j to refer to a node and an arc respectively. The sets of nodes and arcs can be
also written as  1 2, ,..., mN i i i and  1 2, ,..., nA j j j . Each arc Aj  is assigned to a

pair ,i i N N  , and we use the notation  ~ ,j i i. The arc j is said to be incident to the

initial node i and the terminal node 'i in which the nodes i and 'i are said to be adjacent
to each other. For a two terminal network, we assign 1i and mi to be a source node s, and

a sink node t respectively. For a fixed order of arcs,  1 2, ,..., n   can be regarded as

a vector of flow in which j denotes a quantity of material flowing in the arc j. j is an

integer value which ranges over a capacity interval [0, cj ]. The flow conservation law
states that the total flow into i must be equal to the total flow out of i. and the flow is said
to be conserved at node i for all  ,i N s t  . A flow  in G is feasible if [0, ]j jc for

all j A and the flow satisfies the flow conservation law.

A path in a network can be defined as a way of passing from one node to another
through a succession of arcs. A path P in a network G can be considered as a finite
sequence 1 1 2 2 1 1 1, , , ,..., , , , ,..., ,st st nd nd th th th th th thk k k k r ri j i j i j i j j i   for 0r  where each i is a

node, j is an arc, and  1~ ,th th thk k kj i i  . This can be indicated by the notation:

1
: st thr

P i i where
1sti is the initial node and thr

i is the terminal node of P respectively.

In this paper, we consider a two-terminal network with one source node s and one sink
node t. The network performance under consideration is the maximal amount of quantity
(maximal flow), which the network can carry from s to t with respect to capacities of all
the arcs. This problem is equivalent to the famous well-known max flow problem, whose
the objective is to maximize the flow from s to t in which the flow is conserved at all
nodes but s and t, and the flow is feasible with respect to capacities at all arcs. The
maximal flow is the net amount flowing from s to t which equals to the amount of flow
departing at s and arriving to t. We consider a network consisting of perfectly reliable
nodes and multistate arcs. The state of an arc corresponds to the capacity of the network
component that is assumed to take on nonnegative integer random variable with a known
distribution. The capacities of arcs are statistically independent to each other. The
maximum capacity (maximum state) of arc j is denoted by mj. A component state vector

 1 2, ,..., nx x xx indicates the current states of all arcs in a network, where xj denotes the

current state of arc j, 0,j jx m  . The state of a network is determined by the maximal

amount of flow that can be sent from s to t under the capacities of arcs in x. The structure
function x yields the state of a network under x,  0,..., M where M is the highest
possible maximal flow (maximum state) of the network. We define an equivalence class
Sk as a set of component state vectors that have k as the network capacity. Let nS be the
component state space, nS = { }10,1,..., m ´ { }20,1,..., m ´ { }... 0,1,..., nm´ . We have

( ){ }|n
kS kx S xf= Î = for 0,1,...,k M= and

0

M
n

k
k

SS
=

= U .
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Definitions
A vector x is said to be greater than a vector y (x > y), if j jx y³ for all j and j jx y> for

at least one j of all { }1,...,j nÎ . A vector x is said to be less than a vector y (x < y ), if

j jx y£ for all j and j jx y< for at least one j of all { }1,...,j nÎ .

A vector x is said to be a lower boundary point (LBP) of state k if ( ) kxf = and y < x

implies ( ) kyf < .

Assumptions

We make the following assumptions for the evaluation of the performance reliability.

1. The structure function for the system is coherent.
2. Component states and associated probabilities in various states are known.
3. The functions of all components are statistically independent.

The network structure and physical behavior of the network automatically makes the
system coherent.

2. Performance Reliability Measures

Multistate reliability can be computed using the probability that the network will perform
its intended function, in each state, as defined by the equivalence class. When a customer
has a minimum threshold at level k, reliability can be defined as the probability that the
network can meet the minimum threshold, Rel Prk k   X . More suitable measures
for multistate reliability that reflect continuous degradation and customer’s total
experience with the network are needed to better capture a customer’s reliability
definition. The state expectation E   X can be used as a reliability measure to
indicate the expected state of the network. When consistent performance of the network is
critical, the variance of the state of the network Var   X should be considered.

When the state expectation and variance trade-off is concerned, the expected utility
theory can be applied to develop a multistate reliability measure to address the issue. The
expected utility of state of the system also allows the customer to weigh the various
possibilities and to evaluate various distributions for different designs. The following
multistate reliability measures are derived using the idea that is analogous to financial
portfolio analysis using utility functions [18].

A utility function can be selected based on a customer’s preference with the
assumption that a customer prefers more to less of the system state. Hence, the utility
value increases as the state of the system increases, so the first derivative of a utility
function must be positive. Another property of a utility function used in financial portfolio
analysis is developed based on an assumption about a customer’s assessment for risk. A
risk averse investor in financial portfolio analysis is assumed to not invest if the expected
value of the gamble is exactly equal to the cost [18]. In this paper, these two properties of
utility functions are used for the multistate reliability measures. In financial risk aversion
concept, each individual has different ways of taking risk depending on the wealth. The
investor exhibits increasing relative risk aversion, if the percentage invested in risky assets
declines as wealth increases [18]. Risk aversion implies that the second derivative of
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utility is negative. Similarly applying this to reliability measure concept, the greater the
state of the system, less will be the appreciation for getting to a higher state when the risk
associated with variance is also considered. The quadratic utility function can be selected
to address the issue and is given in Equation (1) as

   

   

2

2 2 2 2

2 2

U( )= -b ,

E U( ) =E bE , and E - E

E U( ) = b E .



 

  

     

   

       

 

(1)

where b is a positive constant value. In order to make sure that the first derivative is
positive, we normalize the states to have values between 0 to 1/(2b). Thus, the highest
state of the system must be less than 1/(2b) to maintain the first property of the utility
function. In addition to the quadratic, the logarithmic utility function may be used. The
logarithmic function is consistent with the behavior of a customer who prefers higher state
to lower state and the logarithmic utility function has constant relative risk aversion [18].
The logarithmic utility function can be used to derive the multistate reliability measure as
given in Equation (2), if a customer’s appreciation for getting to higher state is the same
for every state and the risk of having variance is ignored.
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where b is a positive constant. Other utility functions can be also be used to better reflect
the customer’s preferences for the system behavior.

1. Methodology

The algorithm presented in this paper is developed using the idea from the grand
improvement procedure (Dinic-Karzanov approach) as presented in Rockafellar [19] to
find the minimal improvement paths (MIP) for the required flow. The rationale behind
the algorithm is to reduce the search space by using the minimal improvement paths
algorithm (MIP algorithm) to search for LBPs. Then, we eliminate all vectors that are
greater than LBPs from the search space. The MIP algorithm is used to find a path with
minimum capacities to obtain the required flow through nodes in the multirouting
generated along with a sequence of node sets obtained from the multirouting algorithm. In
this section, we first describe the multirouting algorithm and the MIP algorithm that are
used in the proposed algorithm. Next, we show that the MIP algorithm can be used to find
an LBP of a multistate two-terminal network.

3.1 Preliminaries

a) Multirouting Algorithm

Using this algorithm, nodes in a network are classified to be in a sequence of sets

0 1, ,..., ,...,k rN N N N where k denotes the number of arcs that are needed so that a node i
can be reached from s, and r denotes the maximum number of arcs so that t can be
reached from s. In other words,  | can be reach from using arcskN i N i s k  . Note that

0N s and rN t for a two-terminal network. For each ki N , we denote k i as a
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set of arcs that gives all the possible ways by which i can be reached from nodes

1ki N  ,    1| ~ , for andk k ki j A j i i i N i N      .

We can reach t from s using at most r arcs, and the path must pass consecutive nodes in

0 1, ,..., kN N N using arcs in  1 1 ,i i N   2 2 ,i i N  ..., k ki i N   for k < r.
The path is considered to be one of the -paths. A multirouting  represents a whole
family of all -paths. The multirouting algorithm that yields kN for 0,...,k r , and

k i for all ki N is given as follows:

Initialize: Set 0N s , k = 0, and k i for all 0,...,k r and i N .

Step 1 If kN t , TERMINATE [the multirouting  is obtained]. Else let 0 kN N and
go to Step 2.
Step 2 Let T be a set of the first element in N0. If T t , go to Step 4. Else go to Step 3.

Step 3 Let 0 1... kS T N N     .

If there is an arc  *~ ,j i i such that i T and *i N S  , and there is an arc

 ~ ,j i i such that 1ki N  and ki N for T s .

- Let   * *
1 1k ki i j    where *i is the terminal node of j and *i is

not in S.
- Update 1 1k kN N i   and go to Step 4.

Else go to Step 4.

Step 4 Update N N T   . If N go to Step 2. Else let 1k k  and go to Step 1.

b) Minimal Improvement Paths Algorithm (MIP Algorithm)

The MIP algorithm is used to trace back a way from t to s by way of the multirouting 
that is generated along with a sequence of sets 0 1, ,..., ,...,k rN N N N obtained from the
multirouting algorithm. We consider the amount departing at node i as supplies that i can
send to others. We define the demands at i as the amount that i needs from other nodes to
be conserved. Let i indicate demands at node i in which 0i for any conserved node
based on the conservation law. We consider a two-terminal network in which s can
provide unlimited supplies, s , and t has unlimited demand, t.

The algorithm begins with trying to satisfy the demands at  rt t N as much as
possible through any possible arcs with capacity constraints from any nodes adjacent to t
(nodes in 1rN  ). The nodes that supply to t then need some supplies from their adjacent
nodes (nodes in 1rN  ) to be conserved. This can be viewed as the demands at t are
transmitted through its adjacent nodes until the demands reach s. After the demands reach
s, there might be some nodes that are not conserved after the transmitting demands
process. Then, the excess demands at any unconserved nodes in kN are rejected to any of
their adjacent nodes in 1kN  where the rejecting demands process begins with the nodes
closest to s. After that, the demands are retransmitted from 1kN  through kN down to 0N
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by any possible arcs with excess capacities. If the demands that are retransmitted create
any excess demands at the nodes in kN , the demands are again rejected. This procedure is
repeated until the termination condition is satisfied. The algorithm terminates upon
reaching rN (necessarily from 1rN  ), when no additional demands can be transmitted
from rN to 1rN  and all the nodes in the sets 0 1 1, ,..., rN N N  are conserved except at s
and t.

Upon termination, we obtain j that contains the required quantity at each arc which

maximizes the network capacity under given limited capacities at all arcs as in cj

for j A . If we reduce j for some j A by any amount, the network capacity will be

reduced. We denote  1 2, ,..., n   as “the minimal improvement paths vector (MIP

vector)” where we can use  at once to make a major improvement in the flow
modification procedure to get a maximal flow under limited capacities at all arcs. The
formal description of the MIP algorithm as described previously is given as follows. For
the algorithm implementation, we define kR ias a set of recording pairs  , j at i

for  ~ ,j i i in which  is the demands transmitted to 1ki N  from ki N . This is to

record the amount of demands transmitted to any node iin the order of arrival.

Initialize: Set j= 0 for all j A . k = r (where r is obtained from the multirouting

algorithm). Let s , t, and 0i for all i N and ,i s t . Set kR i

for 0,..., 1k r  and i N .

Step 1 [Transmitting the Demands]

1.1 Let kN N . If there exists i N such that 0i , then let k i  (from
multirouting algorithm) and go to Step 1.2. Else go to Step 1.3.
1.2 If there exists j   such that  ~ ,j i i for ki N and j jc , calculate

 min ,j j ic     and update ,j j     i i     and i i    . Let

    ,k kR i R i j    and return to Step 1.1. Else go to Step 1.3.

1.3 Let 1k k  . If 0k  , then repeat Step 1.1. Else go to Step 2 [Nk = N0].

Step 2 [Inspecting for the Unconserved Node]

2.1 Let k = 1.
2.2 Let kN N .

2.3 If there exists i N  such that 0i for all i t and there exists  ~ ,j i i such that

1ki N  , then go to Step 3. Else go to Step 2.4.
2.4. Let 1k k  . If k r , then repeat Step 2.2. Else (k = r) TERMINATE [the
maximal flow  is obtained].

Step 3 [Rejecting the Demands]

3.1 Take the last element in  1 , ,kR i j  .
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3.2 For  ~ ,j i i , calculate  min , i  and update ,j j    i i     and

i i    .

3.3 If i  , then replace    , ,j j    back to 1kR i and label ias blocked.

Go to Step 4. Else    , delete  , j from 1kR i and go to Step 4.

Step 4 [Retransmitting the Demands]

4.1 If there exists i such that 0i for i s and ki N  where k k , then go to Step 4.2.
Else let 1k k  and go to Step 2.2.
4.2 If there exists jsuch that  ~ ,j i i  for 1ki N  , j jc  and iis not “blocked”, then

calculate  min ,j j ic     . Update ,j j     i i     and i i    . Let

    ,k kR i R i j    . Repeat Step 4.2. Else go to Step 2.

Let  1 2, ,..., nx x xx be a component state vector of a multistate network with n
multistate components. We denote Gx as a network associated with x in which the quantity
xj is the quantity of material allowed to flow in an arc j for all j A . When the MIP
algorithm is implemented, j is limited to a capacity interval [0, xj ], that is x j = c j.

Lemma 1: Let y be a component state vector of the multistate network and Gy be a
network associated with y. For some y > x where the max flow of Gy equals Gx, if  is
the MIP vector of the network Gx obtained by the MIP algorithm,  is also the MIP
vector of the network Gy .

Lemma 2: Let be the MIP vector of Gx obtained from the MIP algorithm. For any
vector y <, the max flow of Gy is less than the max flow of Gx.

Theorem 1: If  is the MIP vector of Gx obtained from the MIP algorithm and  k x ,
then is one of the LBPs of state k.
Proof: For any vector y <, the max flow of Gy is less than Gx by Lemma 2. Therefore,

 k x . For any vector y >,  k x for any vector y >by Lemma 1.

3.2 Proposed Algorithm

For any state k, we first identify a vector x in state k (  k x ) and use the MIP
algorithm to search for an LBP of state k as described in Theorem 1. Let

 1 2, , ...,
k

k k k k
nw w w w be a set of all LBPs of state k. The LBP obtained from x can be

written as 
k kxw w . By Theorem 1, we have 

k xw x . The vectors those are greater than


k
xw can be eliminated from the search space. Each LBP of any state k cannot be

compared as less than or greater than each other. Let us consider the situation that we can
find any two vectors, x and y, that cannot be compared but are both in the same state k
(   k  x y ). Then, we can use the MIP algorithm to search for two different LBPs
using x and y. We name such vectors, x and y, as “seed vectors.” If we can find the seed
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vectors that are in state k, we can apply the MIP algorithm to the vectors to obtain
different LBPs of state k as described previously.

Seed vectors can be obtained by using the prior knowledge on binary minimal cuts.
From the maximal flow minimal cut theorem, the value of the maximal flow of a network
is equal to the capacity of the minimal cut-set in the network [20]. At the beginning of the
proposed algorithm, we identify all combinations of the states of the arcs in a given
minimal cut. These combinations should give us the required amount of maximal flow
(the state of the network). We obtain the seed vectors by using these combinations as
capacities of the arcs in the minimal cut and any arc j that is not in the minimal cut is set
at its maximum capacity jm . The vectors that are greater than the identified seed vectors

are eliminated from the search space at this stage. We may use more than one minimal cut
to eliminate more vectors from the search space.

For any state k, we denote a seed vector x that is obtained as described previously.
Given the seed vectors, the MIP algorithm is used to find LBPs. Upon implementing the
MIP algorithm, an MIP vector can be obtained. By Theorem 1, we show that the MIP

vector obtained is one of the LBPs of state k if  k x . Because is the MIP vector,

the capacities of any minimal cuts are equal. Therefore, the capacity of (the state of )
can be obtained by finding the capacity of any minimal cuts. By Lemma 1, any vectors
that are greater than the LBPs are also eliminated from the search space at this stage. Note
that we use only two binary minimal cuts in this algorithm. More binary minimal cuts can
be used to get more seed vectors. The proposed algorithm is presented as follows.

Step 1 [Identification of Seed Vectors] Let C be a set of all binary minimal cuts of a
network. For ,C CC , identify all combinations of state xj such that jj c

x k


 and

represent each combination using      1 ,..., ,...,u u u ui i i i
j nu u uu for j A and iu is from

1 to the maximum number of possible combinations where

 for all
otherwise.0

u ji
j

x j C
u

 


Identify all combinations of state x j such that jj c
x k


 and represent each

combination using     1 ,..., ,...,v v v vi i i i
j nv v vv for j A and iv is from 1 to the

maximum number of possible combinations where,

 for all
otherwise.0

v ji
j

x j C
v

 


Identify all combinations of  uiu and viv and, for each combination, define
        1 ,..., ,...,w w w wi i i i

j nw w ww for j A and iw is from 1 to the maximum number of

possible combinations where,
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for all
for all

otherwise.

u

w v

i
j

i i
j j

j

u j C
w j Cv

m


  




We define matrices U, V and W consisting of n columns that has vectors uiu , viv and
 wiw on their iu-th, iv-th and iw-th rows respectively.

Step 2 [Implementation of the MIP Algorithm to Obtain LBPs of Sk] Initialize 1wi .

2.1 If maxw wi i , TERMINATE [LBPs of Sk are contained in W]. Else go to Step 2.2.

2.2 If    w wi i w w for any w wi i then eliminate  wiw and return to Step 2.1. Else
implement the MIP algorithm to obtain.

2.3 Check if jj c
k


 and jj c

k


 , go to Step 2.4. Else go to Step 2.5.

2.4 is an LBP of state k. Set 1w wi i   and repeat Step 2.1.

2.5 Eliminate  wiw and return to Step 2.1.

3.3 Exact Reliability and Approximation Methodologies

Using the inclusion-exclusion principle, Hudson and Kapur [17] generate a sequence of
lower reliability bounds (LRB) that are monotonically increasing with the value between 0
and 1. The first member of a sequence of LRB is computed using one LBP. The rest of the
LBPs are added up one by one to calculate the following members of the sequence. The
final member of the sequence is the exact reliability value. We apply the Hudson and
Kapur’s approach to compute LRB from the subset of LBPs that is obtained from the
proposed algorithm.

Let  w w

k n k
i iB x  x S w for 1,2,...,w ki n where kn is number of LBPs of state k.

The reliability of a multistate network can be defined as the probability that a network
capacity satisfies a specific demand level k, that is


1

Rel Pr Pr .
k

w

w

n
k

k i
i

k B


 
        
 

X X  (3)

We can compute LRB using the subset of LBPs that is obtained from the proposed
algorithm. We define LRBk as the lower reliability bounds of state k, LRBk 

1Pr ... ...
w

k k k
i lB B B     X where l is the number of LBPs obtained from the proposed

algorithm. LRBk can be computed using the inclusion-exclusion principle as,

  1

1

LRB 1 w

w

w

l
i B

k i
i





   (4)

 1 2

1 21 ...

where Pr ...
w w

w

B k k k
i i i i

i i i l

B B B
   

     .
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2. Examples of Supply Chain Networks

Consider the performance evaluation of two supply chain networks (SCN), A and B. Both
of them contain two manufacturers, one storage facility and two retailers, which can meet
the needs of the customer. The system is operating in a make-to-order fashion. Both of
them have identical structures with different lead-time distributions of the same facilities
for the two supply chain networks. Manufacturer 1M can send a product directly to
retailer 1R . Manufacturer 2M can send a product directly to retailer 2R . In addition,
products can be sent from manufacturer 1M and 2M to retailers 1R and 2R respectively
via the warehouse/distributor D . The objective of these SCNs is to have a product
available to a customer using as short a lead time as possible. The lead time for each
facility is assumed to follow beta distribution. The discrete realization procedure is
performed based on the customer-based engineering judgment to define all states of the
facilities and provide their probabilities. The supply chain network models and the details
of their facilities are given in Table 1.

Using pessimistic ( pt ), optimistic ( ot ), and most likely lead time ( mt ) at each facility,
the expected duration and variance of each facility lead time can be calculated using the
approximation formula [21] as in Equations (5).

 224
and

6 36

p oo p m t tt t t
 

 
  (5)

The lead time duration of each facility is assumed to be a random variable drawn from a
beta distribution [22-23]. The general beta distribution with 4 parameters as in Equation
(6) that has minimum and maximum range values, and two shape parameters as in
Equation (7) is used. Minimum and maximum range limits are given by ot and pt
respectively.


 
 

   1 1 0
1

1 for and , 0o p p

p o
f t t t t t t x t

t t

 

 

 


 
 

 

 
     
  

(6)

Table 1: Supply Chain System Definitions

Variable Description

Y1 , Y2
Time to manufacture a product for
delivery for 1M and 2M respectively

Y3 , Y4
Time to send a product from 1M and

2M to D respectively

Y5, Y6
Time to send a product directly from 1M
and 2M to 1R and 2R respectively

Y7, Y8
Time to send a product from D to 1R
and 2R respectively

Y9, Y10
Time to send a product from 1R and 2R
to customers respectively
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Fig. 1: The Supply Chain Network Model

Fig. 2: The Supply Chain Network Model
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The parameters of the beta distribution ( ,) of each facility lead-time can be chosen
to give mean and variance values as calculated by Equation (5). These two parameters
can be derived as
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The probability density function of lead-time for each facility can be approximately
generated using these parameters. The customer’s judgment is used to discretize the
continuous lead time into discrete states. Based on the thresholds that divide the
continuous lead time into discrete states, the probability that each facility is in state j,

   1
Pr Pr

M j M ji i i iX j y Y y
 

    , can be computed using the identified lead time

distribution and the customer thresholds
jiy ’s.

Consider the supply chain networks as stochastic networks. The performance of arcs is
based on the lead-time of the facilities in the network. State of each arc can be defined
using lead-time distribution for each facility as given in Table 2 and using thresholds as
given in Table 3. In Table 3, arc state probabilities that are the facility-state probabilities
are computed using the beta distributions with all parameters given in Table 2. Based on
the design characteristics of the particular supply chain networks, alternative supply chain
networks A and B can be modeled using the network given in Figure 2 that is a multistate
network with 10 multistate arcs. The number of component states and the probability that
an arc will be in a certain state are shown in Table 3. There are 46,656 component state
vectors. These vectors can be categorized into five different states, where the state number
indicates the maximal flow that can be obtained from the arc capacities as in the
component state vectors. The exact reliabilities of the networks A and B obtained from the
complete enumeration method are shown in Table 4.

The exact reliability computation for each system state using the complete enumeration
method is tedious due to large number of component state vectors. Reliability bounds are
considered as alternatives to provide information about how likely the SCN is in a
particular state. Using different number of minimal cuts, we can compute LRB using
LBPs that are obtained from the proposed algorithm. Tables 5 and 6 show LRBk for all

 1,..., 5k and number of seed vectors (SV) obtained from different number of binary
minimal cuts used in the proposed algorithm. The first two minimal cuts used are
 1 2,j j and 9 10,j j . The 3 4 5 6, , ,j j j j and  5 6 7 8, , ,j j j j are added as the third and
fourth minimal cuts respectively.

We use exact reliability values given in Table 4 and LRB’s given in Tables 5 and 6 to
compute the mean and the variance of the network system states as shown in Table 7.
When consistent performance of SCN is critical, smaller variance is preferred. The state
expectation and the variance trade off are considered using two utility functions as
presented in Table 8. We implemented the proposed algorithm in a MATLAB program
and solved the example with a Pentium 4 2.80GHz with 1.0 MB of RAM. The program
execution time to obtain exact reliabilities is 863.75 seconds. This time is used to generate
all possible component state vectors and to enumerate all of the probabilities so that the
SCN reliability can be obtained as given in Table 4. Tables 9 and 10 show the LRB
computational times using different number of minimal cuts. The computational time
includes time to search for LBPs where seed vectors are given, and to calculate LRB using
the inclusion-exclusion principle. The number of LBPs that are obtained and used to
calculate each LRB is also shown in Tables 9 and 10.

From the complete enumeration method, the results show that SCN A has higher
expected state with higher variance. Using the quadratic utility function, SCN B is
preferred since the risk of having variance is considered. On the other hand, SCN A is
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preferred when using the logarithmic utility function. When using LRB to compute the
performance measures, the 2-cuts LRB can be obtained using extremely short amount of
time comparing to the complete enumeration method. However, the comparison of these
two SCNs might be misinterpreted due to the unacceptable estimates of the probabilities
for particular states. The 3-cuts LRB that gives informative reliability bounds can be
obtained with significantly less amount of time comparing to the complete enumeration
method.

Table 2: Estimated Beta Distribution Parameters

Supply Chain Network A Supply Chain Network B

Variable
Estimated

Lead Time

Beta Distribution

Parameter

Estimated

Lead time

Beta Distribution

Parameter

Optimistic 2.2 days 3.8 days
Most likely 5 days 4.5 daysY1

Pessimistic 10 days
3.12, 4.56  

9.2 days
1.47, 4.34  

Optimistic 1.5 days 3.5 days
Most likely 6 days 5 daysY2

Pessimistic 15 days
2.94, 4.62  

13 days
1.67, 4.46  

Optimistic 1 days 1.8 days
Most likely 1.5 days 3 daysY3

Pessimistic 3.5 days
1.97, 4.59  

3.2 days
4.40, 1.56  

Optimistic 0.5 days 1.5 days
Most likely 1.5 days 3 daysY4

Pessimistic 5 days
2.13, 4.64  

4.1 days
1.91, 4.57  

Optimistic 2 days 2 days
Most likely 4 days 5 daysY5

Pessimistic 7 days
3.40, 4.44  

5.8 days
4.61, 2.04  

Optimistic 1 days 3 days
Most likely 3 days 4.5 daysY6

Pessimistic 5.5 days
3.68, 4.27  

5.2 days
4.64, 2.83  

Optimistic 2 days 1.8 days
Most likely 3 days 2.5 daysY7

Pessimistic 5.2 days
2.79, 4.65  

5.1 days
2.06, 4.62  

Optimistic 1 days 2 days
Most likely 4 days 3 daysY8

Pessimistic 6 days
4.44, 3.40  

5 days
2.94, 4.62  

Optimistic 2 days 1.5 days
Most likely 3 days 4 daysY9

Pessimistic 11days
1.01, 3.88  

13 days
2.09, 4.63  

Optimistic 1.5 days 2 days
Most likely 4 days 6 daysY10

Pessimistic 11 days
2.43, 4.67  

10.5 days
3.84, 4.15  
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Table 3: Facility-State Probabilities and Descriptions

Variable State Description Probability

A

Probability B

X1 0 7Y  0.1189 0.0408
1 4 7Y  0.7220 0.9069
2 4Y  0.1591 0.0523

X2 0 7Y  0.4378 0.2660
1 4 7Y  0.4486 0.6746
2 4Y  0.1136 0.0594

X3 0 3Y  0.0028 0.2825
1 2 3Y  0.2627 0.7170
2 2Y  0.7345 0.0005

X4 0 3Y  0.0938 0.4537
1 2 3Y  0.3258 0.5322
2 2Y  0.5804 0.0141

X5 0 5Y  0.1728 0.3262
1 5Y  0.8272 0.6738

X6 0 5Y  0.0020 0.0225
1 5Y  0.9980 0.9775

X7 0 4Y  0.0814 0.0271
1 3 4Y  0.5310 0.3177
2 3Y  0.3876 0.6552

X8 0 4Y  0.4399 0.0589
1 3 4Y  0.3873 0.5410
2 3Y  0.1728 0.4001

X9 0 9Y  0.0037 0.0334
1 7 9Y  0.0505 0.1376
2 3 7Y  0.7384 0.6862
3 3Y  0.2074 0.1428

X10 0 9Y  0.0052 0.0161
1 7 9Y  0.0900 0.2567
2 3 7Y  0.7643 0.7200
3 3Y  0.1405 0.0072
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Table 4: System State Probabilities

SCN A SCN B
State

k Pr
kp

k  x 
Rel

Pr
k

k  x Pr
kp

k  x 
Rel

Pr
k

k  x

0 0.0555 1.000 0.0387 1.000
1 0.3828 0.9445 0.3347 0.9613
2 0.4201 0.5617 0.5864 0.6266
3 0.1347 0.1416 0.0397 0.0402
4 0.0069 0.0069 0.0005 0.0005

Table 5: Lower Reliability Bounds (LRB) and Number of Seed Vectors (SV) of
SCN A using Different Number of Minimal Cuts

State 2 cuts 3 cuts 4 cuts
k LRBk SV No. LRBk SV No. LRBk SV No.

1 0.9317 4 0.9446 16 0.9445 24
2 0.2498 3 0.5360 72 0.5617 162
3 0.0175 8 0.0824 80 0.1416 208
4 0.0006 3 0.0017 24 0.0069 54

Table 6: Lower Reliability Bounds (LRB) and Number of Seed Vectors (SV) of
SCN B using Different Number of Minimal Cuts

State 2 cuts 3 cuts 4 cuts
k LRBk SV No. LRBk SV No. LRBk SV No.

1 0.8070 4 0.9613 16 0.9613 24
2 0.3379 3 0.6028 72 0.6266 162
3 6.51×10 -5 8 0.0275 80 0.0402 208
4 5.68×10 -9 3 8.42×10- 5 24 0.0005 54

Table 7: Reliability Performance Measures

Performance
Measures

E   x Var   x

SCN A SCN B SCN A SCN B
Exact Reliability 1.6547 1.6286 0.6479 0.3933
LRB from 2 cuts 1.1996 1.1450 0.3338 0.5101
LRB from 3 cuts 1.5647 1.5917 0.5282 0.3743
LRB from 4 cuts 1.6548 1.6286 0.6479 0.3933

The values of performance measures calculated from the 3-cuts LRB are reasonable.
Note that 4-cuts LRB computational times of states 2 and 3 are much longer than the
complete enumeration due to the higher number of LBPs. As shown in the tables, the
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LRB value is improved when using more binary minimal cuts. For large networks, one
can use these ideas to develop some lower bounds using a partial number of LBP’s based
on the economics of computations, which is related to the complexity of the problem.

Table 8: Utility Performance Measures

Performance
Measures

Quadratic Utility
Function: b = 0.1

U   x

Logarithmic Utility
Function: b = 10

U   x

SCN A SCN B SCN A SCN B
Exact Reliability 1.3161 1.3240 2.4533 2.4520
LRB from 2 cuts 1.0223 0.9629 2.4146 2.4089
LRB from 3 cuts 1.2671 1.3009 2.4460 2.4489
LRB from 4 cuts 1.3161 1.3240 2.4533 2.4520

Table 9: Computational Time (Seconds) and Number of LBPs for SCN A

State 1 State 2 State 3 State 4
2-cuts LRB
(LBPs No.)

0.0359
(3)

0.0469
(1)

0.0625
(3)

0.0469
(2)

3-cuts LRB
(LBPs No.)

0.0781
(6)

97.3125
(16)

8.8281
(14)

0.1094
(5)

4-cuts LRB
(LBPs No.)

0.1094
(6)

1,553.8
(18)

>>863.75
(20)

0.2813
(8)

Table10: Computational Time (Seconds) and Number of LBPs for SCN B

State 1 State 2 State 3 State 4
2-cuts LRB
(LBPs No.)

0.0625
(3)

0.0156
(1)

0.0781
(3)

0.0156
(2)

3-cuts LRB
(LBPs No.)

0.0313
(6)

95.8594
(16)

8.6094
(14)

0.0625
(5)

4-cuts LRB
(LBPs No.)

0.0781
(6)

1,349.6
(18)

>>863.75
(20)

0.1719
(8)

5. Conclusions

We have proposed a multistate reliability approach to evaluate performance of supply
chain networks. Supply chain networks performances are evaluated and compared using
multistate reliability measures. An algorithm to search for a subset of lower boundary
points (LBPs) is presented and we use it to evaluate reliability of SCNs in terms of lower
reliability bounds (LRB). The advantage of the algorithm is to significantly reduce
computational time in order to get partial information for reliability. Unlike any existing
algorithms, the proposed algorithm gives the subset of LBPs without any comparison
process which takes large amount of time. The subset of LBPs is used to compute LRB by
the inclusion-exclusion principle. LRB can be used similarly as the exact reliability to
compute reliability performance measures to evaluate SCNs. There are also some
limitations of the algorithm. One is the assumption that the prior knowledge on some of
the network binary minimal cuts is available. Another limitation is that the LRB
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computational time might exceed the complete enumeration method when computing the
LRB using the inclusion-exclusion principle with high number of LBPs.

The results from the example show that the exact reliability values can be obtained
without using all binary minimal cuts. In addition, the LRB are improved when using
more binary minimal cuts. Therefore, it is interesting as the further research to find out
how to select the binary minimal cuts so the LRB can be improved thoroughly or the exact
reliability value can be efficiently obtained.
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