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Abstract : For s-dependent systems, reliability models capable of reflecting the
effect of failure dependence, i.e. the so called “common cause failure” are in demand,
since the system reliability depends not only on the reliabilities of the individual
components but also on the interactions among the component failures. Based on the
attribute of system failure, the meaning of order statistics, as well as the mechanism
of failure dependence, this paper developed s-dependent system reliability models
by incorporating order statistics of component strength into load-strength
interference model. The models simply characterize the fact that series system fails
as long as the applied load exceeds the first (the minimum) order statistic of
component strength, parallel system (with n i.i.d. components) fails when and only
when load exceeds the nth (the maximum) order statistic of component strength, and
k-out-of-n(F) system fails if load exceeds the kth order statistic of component
strength. Since no assumption about s-independent failure was applied, the models
are in a position to reflect the effect of failure dependence which may bring about
common cause failures. To evaluate the reliability of general system comprising of
non-i.i.d. components, an extended load - strength order statistics interference model
was presented, too.

Key Words: order statistics, s-dependent system, common cause failure, system
reliability

1.  Introduction

Reliability, as a probability for a system to function successfully against expected
environment, has long been treated as one of the most important performance attribute.
Traditional system reliability models assumed the s-independent probabilities of basic
event failures. Violators of this assumed s-independence are called “systems interactions”,
“dependencies”, “common mode failures”, or “common cause failures”. It has been
widely recognized that component failures in a system are normally s-dependent of each
other, i.e., there exists the failure mechanism called common cause failure (CCF) or
common mode failure (CMF) by which several components will fail to the same cause
simultaneously.
______________________________________
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Component reliability is a function of load and strength. For a group of components
subjected to the same or correlated load environment, the degree of s-dependence among
component failures is determined by both the characteristic of load and that of strength,
too. If all the components are exactly the same (e.g., all the components have the same
deterministic strength) and are subjected to the same load, these components will always
fail simultaneously when load exceeds their strength. In a general condition that the
individual components are statistically different from each other (e.g., the strength of the
components follows the Weibull distribution), the randomness in load is the root cause for
failure dependence. Only when load is a deterministic constant, the component failures
are s-independent of each other [1]. It is the uncertainty in load that introduces the failure
dependence among component failures. Conversely, dispersion in component strength is
helpful to mitigate failure dependence. Generally, failure dependence (“failure
dependence” mentioned in this paper is the failure-coupling mechanism that might induce
common cause failure) is unavoidable for the majority of systems. The existence of such
failure dependence is a challenge to the conventional system reliability analysis approach.
It also makes system reliability estimation much more complicated.

Conventional approach to modeling system reliability was generally based on the
assumption of s-independence among component failures. With such an assumption, the
conventional procedure to evaluate system reliability is from component to system. That
is, load-strength interference calculation or component failure data statistics is performed
firstly to obtain component reliabilities. Then, the component reliability indexes are used
to calculate system reliability according to the system functional logic, such as series,
parallel, or k-out-of-n redundant, etc.

Nevertheless, system reliability depends not only on the reliabilities of the
individual components but also on the s-dependence among component failures, unless
the loads imposed to the individual components are statistically independent of each other,
or all the loads are deterministic (a typical situation is that all the components are
subjected to the same constant load). In the situation that both the load and strength are
random variables, the degree of failure dependence depends on the relative magnitude of
load dispersion to component strength dispersion [1].

For a component, the uncertainty of failure or survival may come from the
uncertainty of load, the uncertainty of strength, or the both. That makes no difference for
component reliability index. However, for systems, the uncertainty of load means the
existence of s-dependence among component failures, while the uncertainty of
component strength means wholly different [1]. Goble et al [2] also illustrated such trend
according to Monte Carlo simulation results. It illustrated that the probability of common
cause failure is substantially reduced when the random stresses subjected to the individual
components are independent. It also showed that common cause beta factor is clearly
related to the variation in the strength distribution – if all units in a redundant architecture
had identical strength, they would always fail simultaneously. It does imply that identical
units that respond in the same way to a common stress will be more likely to have
common cause failures.

Since the different roles of load dispersion and component strength dispersion can
not be distinguished in the course of conventional component reliability calculation, one
can not expect to express the reliability of s-dependent system by means of component
reliability index straightforward. In fact, when calculating component reliability by either
load-strength interference analysis or statistical estimation of failure event data, the
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parameter of load dispersion and that of component strength dispersion are equally
integrated into the calculation, and important information for s-dependent system
reliability estimation is lost [3].

For example, a valve system failure event data include failure events of various
failure multiples for a 10-redundancy valve system. Among total 34 demands to the
system, there are 5 single failures, 2 double failures, 1 triple failures, and 26 successful
demands. In other words, there are 12 (51+22+13) component failures among the 340
(3410) demands to the components. Obviously, these data contain both individual
component failure information and system s-dependent failure information. According to
these event data, the component failure probability is estimated as 12/340=3.510-2 (per
demand), where the meaningful items are the numbers of components failed and the total
numbers of the components tested. For the component failure probability index 3.510-2

(per demand), it makes no difference whether the failed components come from single
failure event or multiple failure event. As a subsequence, the component failure
probability index 3.510-2 (per demand) can not provide the details about the associated
failure events any more, i.e., it does not contain any information about how many failed
components come from single failure event, and how many failed components come from
multiple failure event, which is indispensable for system reliability estimation.

In one word, the component reliability index does not contain failure dependence
information. Therefore, the conventional series, parallel or k-out-of-n redundant system
reliability models are not applicable to s-dependent systems.

Alternatively, a variety of CCF models have been developed [4-10] and applied in
the field of nuclear industry, oil & chemical industry, rocket launching, and mechanical
engineering. Nevertheless, it is still considered that the mechanisms of s-dependence
among components are very complicated, carrying out quantitative description about the
degree of such s-dependence is very difficult, and assumptions have to be made [9].
Obvious gap still exists as to practical usage of dependent system reliability model,
especially for high redundancy systems [11, 12].

Notation

x component strength random variable

y load random variable

Xi strengths of the ith component

X(k) k-order statistic of component strength

n number of components in a system

f(x) probability density function of component strength random variable x

F(x) cumulative distribution function of component strength x

g(k)(x) probability density function of the k-th order statistic X(k)

g(i)(j)(x,z) joint probability density function of (X(i),X(j)), 1 i＜j n

A event of “series system failure”
Bi event of “the i-th weakest component failure”
X system strength

seri
sR series system reliability
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R1st probability of X(1) > y

h(y) probability density function of load y
para

sR parallel system reliability

Rnth probability of X(n) > y

Pk/n failure probability of k-out-of-n event
nk

sR / k-out-of-n(F) system reliability

Rkth probability of X(k) > y

N minimum of component strength of non-i.i.d. components

M maximum of component strength of non-i.i.d. components

FN(x) cumulative distribution function of the minimum statistic

FM(x) cumulative distribution function of the maximum statistic
seri
idR reliability of s-independent series system

para
idR reliability of s-independent parallel system

nk
idR / reliability of s-independent k-out-of-n(F) system

r failure multiple

y0 unified load random variable

ai ,bi coefficients

 expectation

 standard deviation

2.  Order Statistics and System Reliability Modeling

Depending on the respective component or system property and associated operating
environment, the failure attributes of different components or systems are considerably
different. For components, there are electronic components with exponentially distributed
life and constant failure rate, and mechanical components with the Weibull distributed life
and variable failure rate. For systems, there are s-independent systems in which
component failures are mutually independent and s-dependent systems in which common
cause failure plays an important role.

On the other hand, despite the different attributes or behaviors, failure is nothing but
the result of the interaction between load and strength. As a pair of conflicting factors in
failure problem, load and strength are the two basic governing variables for reliability
analysis. Through a thorough analysis to their characteristics, and the relationship
between the two variables as well, a whole picture about component and/or system failure
can be clearly depicted. Especially, by means of the concept of order statistics, system
reliability models can be developed without any special consideration on whether the
component failures are independent of each other or not. Both the system comprising of
components with independent and identically distributed (i.i.d.) strength and the system
comprising of components with independent and non-identically distributed strength are
considered.

Considering a system of which the component strengths are i.i.d. variables. Let X1,
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X2, …, Xn be the strengths of the n components respectively. X(k) (k=1~n), the k-order
statistic in a sample of size n, stands for the strength of the k-th weakest component of the
n samples. With probability density function (pdf) f(x) and cumulative distribution
function (cdf) F(x) of the component strength random variable x, the probability density
function g(k)(x) of the k-th order statistic X(k) has the following form [13]:
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Furthermore, the joint probability density function of (X(i),X(j)) (1  i < j  n) is:
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System failure starts from component failure, and weaker components always fail
before stronger components do. By incorporating order statistics concept into the well
known load-strength interference model, system reliability model can be developed
without special consideration or any assumption on failure dependence.

Series System

As a series system, any component failure can lead to system failure. System might fail
due to single component failure or multiple components simultaneous failures. Since
component failure always begins from the weakest one, series system failure always
implicates the weakest component failure, or vice versa, no matter other components fail
or not. Let event A denote “series system failure” and event Bi (i=1, 2,……, n) “the i-th
weakest component failure”, then

A = B1 B2…… Bi…… Bn= B1 (5)

That is to say, the event of series system failure is equivalent to that of the weakest
component (corresponding to the minimum order statistic of strength) failure.

In case of all the n i.i.d. components are subjected to the same random load, the
strength of the series system is determined by the minimum order statistic of the n
component strengths. The relationship between the sample of system strength and the
sample set of the component strengths is

X = min X1, X2, …, Xn  (6)

Since the strength of a series system can be exactly represented by the minimum
order statistic of its component strengths, series system reliability can be defined as the
probability that the minimum order statistic of component strength exceeds the applied
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load on the components. Such a probability can be calculated by means of load-strength
interference model. Different from the conventional load-strength interference model for
component reliability calculation, the “strength” used here is system strength rather than
component strength. In other word, series system reliability is modeled based on load -
minimum order statistic of component strength interference relationship, i.e.

  yddxxgyhRR y
stseri

s    
0 1

1 )()( )( (7)

where, seri
sR stands for series system reliability, R1st stands for the probability that the

minimum order statistic of component strengths exceeds load, h(y) is the pdf of load y,
and g(1)(x) is the pdf of the first (minimum) order statistic of component strength x.

Since )()](1[)( 1
)1( xfxFnxg n , so that

 

 






   

 





   

0

0

0

0
1

0 )1(

])()[(

)](1)[(

])](1[[)(

])()](1[)[(])([)(

y
n

n

y

n

y
n

y

dydxxfyh

dyyFyh

dydx
dx

xFd
yh

dydxxfxFnyhyddxxgyh

i.e.,

yddxxfyhR n
y

seri
s    

0 ])([)(

This equation is the same as the series system reliability model proposed by means
of the so called system-level load-strength interference analysis [3]. That is to say, the
order statistic model of series system reliability is equivalent to the system-level
load-strength interference model.

Parallel System

Parallel system fails when and only when all its components fail. In other word, parallel
system does not fail until the strongest component fails. By the definition of the
maximum order statistic, the reliability of parallel system can also be calculated through
load - strength order statistic interference analysis. For a parallel system comprising of
i.i.d. components and all the components being subjected to the same random load, its
reliability equals to the probability that the maximum (n-th) order statistic of component
strengths is greater than the load:

yddxxgyhRR
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where, para
sR  stands for parallel system reliability, Rnth stands for the probability that

the maximum order statistic exceeds the applied load.
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It is proved that the order statistics model for parallel system reliability accords also
with the system-level load-strength interference model proposed by Xie et al [3].

k-out-of-n (F) System

Similarly, by the joint probability density function of two order statistics, the failure
probability of k-out-of-n event can be expressed as
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The reliability of k-out-of-n(F) system equals to
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where, nk
sR /  stands for k-out-of-n(F) system reliability, Rkth stands for the probability

that the k-th order strength statistic of component strengths exceeds the associated load.

3.  System Reliability Models for non i.i.d. Components

For a system of which the component strengths are independent and non-identically
distributed variables, let x1, x2, …, xn stand for the strengths of the n components
respectively, and Fi(x) the distribution function of xi (i=1~n). With the notations of
N=min{X1, X2, …, Xn } and M=max{X1, X2, …, Xn}, the distribution functions of the
minimum statistic and the maximum statistic are respectively
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By means of the interference analysis between the minimum strength statistic and
the applied load, series system reliability, which is equal to the probability that the
minimum strength statistic exceeds the applied load, can be expressed as:
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Parallel system reliability, which is equal to the probability that the maximum
statistic exceeds the applied load, can be expressed by means of the interference
relationship between the maximum strength statistic and the applied load:

  
0 )](1)[( dyyFyhR M

para
s (14)

4.  Conventional System Reliability Models

Traditionally, system reliability is calculated through component reliability, which is
equal to the probability of component strength x exceeding the associate load y, and
normally calculated by means of the well known load-strength interference model:

yddxxfyhR y   
0 ])()[( (15)

where, h(y) is the probability density function of load y, and f(x) is the probability density
function of component strength x.

With the assumption of independent failure, conventional series, parallel, and
k-out-of-n(F) system reliability models take on the forms shown in Eq.16, Eq.17, and
Eq.18, respectively.
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where, seri
idR , para

idR , and nk
idR /  stand for the reliabilities of s-independent series,

parallel, and k-out-of-n(F) system respectively, ])!(![/!)( rnrnn
r   is the combination

of r elements selected from a set of n elements without regard to the order of selection.

Since these models were developed under the assumption of independent failure,
they do not have the capability of reflecting failure dependence which is quite common
for the majority of systems.

The degree of the difference between the conventional independent system
reliability model and the order statistic model depends on the degree of the s-dependence
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among component failures, which is determined by the relative magnitude of load
dispersion to component strength dispersion [3].

5.  Reliability Models for Systems with Components Subjected to Different Loads

Generally, a system might comprise various components, and the loads applied to the
individual components are different, too. In the case that the load applied to each
component is independent of each other, the conventional system reliability models such
as the equations (16-18) will work well. Otherwise, dependent system reliability models
should be developed to take the place of these equations.

As an example, let us consider a typical situation in which all the loads are linearly
correlated random variables, i.e., yi=aiy0+bi, where yi is the load applied on component i
and y0 is a unified load random variable, ai and bi are constants. For such a loading
condition, system reliability models can be developed by means of unification treatment
to the linearly correlated random loads.

Suppose the load applied to the i-th component follows the normal distribution with
expectation i and standard deviation i, i.e., yi~N(i, i), it is easy to get the relationship
between yi and a standard normally distributed variable y0 (y0~N(0,1)):

y0 = (yi - i) / i (19)

or   yi = i y0 + i (20)

Evidently, the following transformation holds true (referring to Fig.1) and the right
side is an extended load-strength interference model.

yddxxfyhyddxxfyh
iyiy     


 

0 00 ])()[(])()[( (21)

where, h0(y) is the pdf of the standard normal distribution.

-5 5 15 25

Unified load distribution
True load distribution
Strength distribution

Fig.1: Illustration of Load Unification and Extended Load-Strength Interference
Relationship
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In such a situation, series system reliability and parallel system reliability can be
presented respectively as:
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6.  Model Verification

For purpose of verification and comparison, the conventional s-independent system
reliability models, the system-level load-strength interference models [3], as well as the
order statistics models are applied simultaneously to calculate the reliability of systems
with different load distributions and/or different component strength distributions. All the
random variables concerned are assumed to be normally distributed.

For the n-component series system (n = 1~100), in the condition of load expectation
l = 400, load standard deviation l = 60, and component strength expectation s = 600,
component strength standard deviation s = 60, the reliabilities calculated by the different
models are shown in Fig.2. Obviously, the order statistics model gives out the same
results as the system-level load-strength interference model does, while the conventional
s-independent system model provides very conservative results (i.e., the conventional
model under-estimates series system reliability).

For the n-component parallel system (n = 1~10), in the condition of l = 400, l

=120, and s = 600, s = 120, the reliabilities calculated by the different models are
shown in Fig.3. It can be easily seen that the order statistics model still gives out the same
results as the system-level load-strength interference model does, while the conventional
independent system reliability model over-estimates parallel system reliability.
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Fig.3: Parallel System Reliabilities Calculated by Different Models

For k-out-of-n (F) system (k = 3, n = 5~30), in the condition of l = 300, l = 80,
and s = 600, s = 60, the reliabilities calculated by the different models are shown in
Fig.4. Similarly, we can see that the order statistics model gives out the same results as
the system-level load-strength interference model does, while the conventional
independent model over-estimates the system reliability.

For a k-out-of-n (F) system (k = 3, n = 15), in the condition of l = 300, l = 30~120,
and s = 600, s = 60, the reliabilities calculated by the different models are shown in
Fig.5. Again, the order statistics model gives out the same results as the system-level
load-strength interference model does, the conventional independent system reliability
model over-estimates the system reliability. The differences between the two kinds of
models increase drastically with the increase in load dispersion.
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Fig.5: k-out-of-n (F) System Reliabilities Calculated by Different Models

For the k-out-of-n (F) system (k = 3, n = 15), in the condition of l = 300, l = 80,
and s = 600, s = 40~160, the reliabilities calculated by the different models are shown
in Fig.6. Once more, the order statistics model gives out the same results as the
system-level load-strength interference model does, the conventional independent system
model over-estimates the system reliability.
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7.  Conclusions

Load-strength interference analysis is a fundamental method for reliability calculation,
and the order statistics of component strength are the right variables to represent system
strength. The interference analyses between load and the respective order statistics of
component strength provide an approach to modeling system reliability, by which failure
dependence can be reflected.
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According to the concept of order statistics, series system failure is equivalent to
the failure of the weakest component in statistical sense, i.e., the failure of the component
with the strength correspondent to the first order statistic. Parallel system failure can be
considered as a process of which the weakest component (correspondent to the first order
statistic) fails ahead of all the others, the second weakest component (correspondent to
the second order statistic) fails successively, and so on. Naturally, the strongest
component (correspondent to the last order statistic) fails last. Consequently, the
reliability of a series system is equal to the probability that the strength of the component
correspondent to the first order statistic exceeds the load, the reliability of a parallel
system is equal to the probability that the strength of the component correspondent to the
last order statistic exceeds the load, and the reliability of a k-out-of-n(F) system is equal
to the probability that the strength of the component correspondent to the kth order
statistic exceeds the load.

Since no assumption of s-independent failure is made, the proposed system
reliability models are able to reflect the effect of dependence among component failures.
In other words, although no common cause failure is specially emphasized, its effect is
naturally included in the load - strength order statistics interference models.
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